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We report microwave absorption studies on rings containing two-dimensional electrons. The absorption is
measured on single rings with different widths using an optical luminescence technique. The dispersion of the
plasmon modes has been determined in the presence of a perpendicular magnetic field. The transformation of
two-dimensional plasmons in the disk geometry into plasmons with one-dimensional character in a narrow ring
is addressed. Experimental data are compared with theoretical estimates based on a self-consistent solution of
the Poisson and hydrodynamic equations.
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I. INTRODUCTION

Plasma oscillations in low-dimensional electron systems
have been actively studied over the past three decades.1–4

Most studies have been carried out with far-infrared
transmission spectroscopy5–9 and Raman scattering
techniques10,11 on periodic arrays of small disks �quantum
dots�, antidots or quantum wires. More recently, the focus of
plasma-wave investigations has shifted toward much lower
frequencies, the microwave regime, as well as stand-alone
geometries. For instance, the microwave absorption spec-
trum of a single macroscopic disk was explored in Ref. 12
and of a narrow stripe in Ref. 13. These developments have
been triggered by the progressive improvement in the quality
of quantum-well heterostructures, which has pushed the
boundary for the observability of two-dimensional plasmons
����1, where � is the momentum relaxation time� to lower
frequencies. Lower frequencies in turn imply that studies can
proceed on larger-scale geometries for which it is no longer
necessary to consider periodic arrays in order to enhance the
sensitivity. Stand-alone geometries offer the important ad-
vantage that complications due to coupling between adjacent
structures are entirely avoided. Recent studies in this low-
frequency regime on single geometries already disclosed
novel physics: it was shown both experimentally and
theoretically that electrodynamic effects—radiative decay
and retardation—substantially influence the response of
these two-dimensional �2D� systems at microwave
frequencies.12,14–17 The discoveries of the microwave-
induced zero-resistance states,18,19 whose origin remains con-

troversial, as well as B-periodic photoresistance and photo-
voltage oscillations20 further add to the necessity of a
comprehensive study of the electrodynamics and plasmon
physics at microwave frequencies as this physics has been
claimed to be relevant �for instance, see Ref. 21� for the
microwave-induced zero resistance.

In this paper, we study the microwave response of two-
dimensional electron rings. Geometrically, rings are close to
disks �or dots� and wires in different limiting cases. In dots
and wires the spectrum of the collective excitations is com-
posed of two branches: the bulk mode and the edge magne-
toplasmon �EMP� mode. In a strong perpendicular magnetic
field B, the bulk magnetoplasmon frequency approaches the
cyclotron resonance �CR� frequency �→�c, while the EMP
frequency decreases as the magnetic field is raised. At low
values of the magnetic field, the behavior of bulk and edge
modes in disks and stripes is, however, different. In disks the
plasmons exhibit two-dimensional character, whereas in
stripes we are dealing with 1D plasmons. In circular disks,
the bulk and edge magnetoplasmon modes converge to the
same bulk plasmon frequency as B approaches zero. At non-
zero B, this plasma resonance splits into bulk and edge
branches. In wires �or in long rectangular stripes� the bulk
and edge magnetoplasmon modes tend to different frequen-
cies as B→0. The plasmon frequency of the upper resonance
mode is inversely proportional to the square root of the width
of the stripe, while the zero-field frequency of the lower
mode is inversely proportional to the length of the stripe.22

The transition from 2D to 1D behavior of the magneto-
plasma modes can be followed in single stripes of 2D elec-
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trons with different length to width ratios,13 and in ellipti-
cally shaped mesas with various ratios between the minor
and major axes.23 Another interesting possibility is to study
this transition in ring-shaped 2D electron systems by varying
the ratio of the outer �D� and inner �d� diameters of the ring.
So far, little consideration has been given to the ring geom-
etry except for the experiments described in Refs. 24 and 25
which mainly involved rings with an aspect ratio ��d /D of
�1/2–1/4. The goals of this paper are the study of plasmon
spectra in rings across a broader range of � and the investi-
gation of the 2D to 1D plasmon transition. Rings with an
aspect ratio d /D close to 1 can be viewed as narrow ring-
shaped stripes and we expect 1D behavior of the plasmons
whose wave number is determined by the average perimeter
of the ring. In rings with d /D�1 the lower plasmon mode
�EMP running along the outer edge of the ring� should
mainly follow the EMP spectrum of a disk. The upper mode
however is expected to deviate strongly from the CR line,
because this mode corresponds to EMPs running around the
inner perimeter of the ring.24,25 Important distinctions from
the previous studies are that we perform measurements in the
microwave �gigahertz� frequency range about two orders of
magnitude lower than the plasmon frequencies in Ref. 24
and our investigations are not performed on arrays of rings,
but rather on a single-ring. Single-ring studies avoid the pos-
sible influence of inter-ring interaction on the spectra.

II. EXPERIMENT

The measurements were carried out on a set of different
mesas fabricated with photolithography from a modulation-
doped GaAs/AlGaAs single quantum well with a width of
30 nm and an electron mobility � of approximately 5
�106 cm−2/V s. These mesas had the shape of a ring, all
with the same outer diameter D=1 mm but different inner
diameters �d=0.8, 0.6, 0.4, 0.2, or 0.1 mm�, or a disk with an
identical outer diameter. The 2D electron concentration was
determined under the conditions of the experiment from
magnetoluminescence spectra in which Landau quantization
of the electron energy spectrum is resolved.26 The number of
fully occupied Landau levels and its variation with magnetic
field allows us to reliably extract the electron density. This
method was for instance applied to the disk device, in which
the determination of the plasma frequency yields an alterna-
tive approach to determine the density. The density extracted
from the magnetoluminescence measurements and from a
measurement of the plasma frequency deviated by less than
5%. The electron density in the various structures varied
from 1.1�1011 to 1.4�1011 cm−2.

The spectra of the dimensional magnetoplasma reso-
nances were measured with a sensitive optical scheme geared
toward the detection of resonant absorption of microwave
radiation.27 This technique relies on the comparison of the
luminescence spectrum of the two-dimensional electron gas
obtained in the absence of microwave radiation with the
spectrum acquired when microwave radiation is incident on
the sample. A stabilized semiconductor laser provided the
continuous wave excitation for the luminescence measure-
ments. Its light with a wavelength of 750 nm was guided to

the sample with a 0.4 mm diameter quartz optical fiber
mounted perpendicular to the sample at a distance of ap-
proximately 1 mm to ensure illumination of the entire de-
vice. The fiber was also used to collect the luminescence
signal that appeared as a result of recombination. The optical
signal was analyzed with a double-grating spectrometer with
a spectral resolution of 0.03 meV and a charge-coupled de-
vice camera. An HP-83623B generator supplied the micro-
wave radiation with frequencies up to 20 GHz. A coaxial
cable suitable for transmission of frequencies up to 20 GHz
and with an attenuation of less than 5 dB was used to guide
the microwave radiation to the sample. The exposed inner
conductor near the end of the coaxial line served as a dipole
antenna. Approximately 10 mW of radiation was sent down
the coaxial line; however, most of this power is reflected due
to a lack of impedance matching at the end of the line. Figure
1 illustrates a typical radiation recombination spectrum of
the 2D electrons in the presence and absence of microwave
radiation �upper curves� as well as the corresponding differ-
ential spectrum �lower curve�. The spectra were obtained at
4.2 K for a disk structure with an electron concentration of
1.4�1011 cm−2 when a resonance occurs: f =6 GHz and B
=105 mT. At resonance, the electronic system heats up and
electrons redistribute near the Fermi surface. Hence, the lu-
minescence intensity changes for energies near the Fermi
energy. After recording the luminescence spectrum with and
without microwave radiation present, the differential spec-
trum was calculated. The absolute value of this difference
signal was integrated over the recorded spectral range. The
resulting value served as a measure of the microwave ab-
sorption strength. Its magnetic-field dependence was then
studied at different excitation frequencies.

FIG. 1. Luminescence spectra obtained on a disk geometry with
a diameter of 1 mm with and without microwave radiation present
�upper curves�. The corresponding differential spectrum is shown at
the bottom. The incident radiation has a frequency of 6 GHz. The
magnetic field is chosen so that a resonance occurs �B=105 mT�.
The electron concentration is 1.4�1011 cm−2.
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III. THEORY

The ring problem has been treated theoretically by
Zaremba28 as well as Reboredo and Proetto29 in the context
of the experiment reported in Ref. 24. The disk problem has
been addressed by Fetter in Ref. 30. These authors solved the
Poisson and hydrodynamic equations self-consistently. We
perform in essence the same type of calculations, but take
also into account specific features of the problem which arise
for long-wavelength, low- �microwave-� frequency excita-
tion. Retardation effects12 are neglected. Estimates show that
they are not so important at the electron densities typical for
our experiments.

To calculate the spectrum of plasma modes in rings, we
solve the following Poisson and hydrodynamic equations:

	L�x� + �
�
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the ring �compare with Ref. 30�. Here 	L and NL are the
�dimensionless� plasmon potential and the density, L= 
l
, 
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It is assumed that the 2D electron gas is located on the sur-
face of a finite-thickness semiconductor substrate. The kernel
KL�x ,x�� of the integral equation �1� reduces to

KL�x,x�� = �
0

� JL�qx�JL�qx��dq


��,2qh/D�
, �5�


��,2qh/D� =
1

2
�1 + �

1 + � tanh 2qh/D

tanh 2qh/D + �
� , �6�

and takes into account screening of the electrostatic field.
Here, � and h are the dielectric constant and the thickness of
the substrate �GaAs�, JL are Bessel functions, and the vari-
ables x, x�, q are dimensionless. Notice that at microwave
frequencies �here 0–20 GHz�, it is not appropriate to con-
sider a semi-infinite semiconductor substrate, as was usually
done at far-infrared frequencies. The wavelength of the mi-
crowave radiation ��1 cm� typically exceeds the substrate
thickness ��0.5 mm�, so that a more realistic description of
the dielectric environment is essential.

We solve the problem �1� and �3� by expanding the po-
tential 	L in a complete orthonormal set of functions �com-
binations of Bessel functions JL and YL satisfying the bound-
ary conditions �3��, and by reducing �1� and �2� to a matrix
eigenvalue problem. The size of the matrix is chosen suffi-
ciently large to ensure that calculations converge. In the fol-

lowing section, we compare the results of our calculations
with the experimental data.

IV. RESULTS AND DISCUSSION

Figure 2 illustrates typical scans of the absorption ampli-
tude as a function of the magnetic field at several microwave
frequencies for two rings with the outer diameter D equal to
1 mm and the inner diameters d=0.4 and 0.6 mm. The ar-
rows mark the magnetoplasma modes observed in these
rings. The modes are characterized by two quantum num-
bers, the radial quantum number n=0,1 , . . . and the azi-
muthal quantum number �angular momentum�
l=0, ±1, . . ..24,25 The magnetoplasma resonances with n=0
and l= ±1 dominate in all absorption spectra as they possess
the largest oscillator strength.

The B-field dependence of the magnetoplasma resonance
frequencies for rings with the same outer diameter D
=1 mm but different inner diameters d of 0.2, 0.6, and
0.8 mm are plotted in Figs. 3�b�–3�d�. For comparison, we
also show the magnetoplasma spectrum of a disk-shaped
mesa with D=1 mm in Fig. 3�a�. Even though rings and
disks share the same symmetry properties and their reso-
nance modes are classified with the same quantum numbers,
there are pronounced changes in the spectrum as the disk
geometry �Fig. 3�a�� is replaced with a narrow ring geometry
�Figs. 3�b�–3�d��. The most striking difference is the behav-
ior of the mode with n=0 and l= +1, which we will refer to
as the �0+ branch. Both in the disk �Fig. 3�a�� and in the
broad ring with the aspect ratio d /D=0.2 �Fig. 3�b��, this
mode exhibits a positive dispersion at low magnetic fields,
and hence the usual behavior of a bulk magnetoplasmon.
Conversely, in narrow rings with an aspect ratio d /D larger
than 1/2 �Figs. 3�c� and 3�d��, the �0+ branch develops a
negative dispersion in the field range where this mode is
observed. Its frequency decreases monotonically with in-
creasing magnetic field. This negative dispersion is similar to
the dispersion of the lower �0− branch, i.e., the n=0, l=−1

FIG. 2. Typical magnetic-field dependencies of the absorption
amplitude for the indicated microwave radiation frequencies. Data
are shown for two ring-shaped mesas with the following dimen-
sions: �a� D=1 mm, d=0.4 mm and �b� D=1 mm, d=0.6 mm. The
electron concentration in these rings is 1.25�1011 �a� and 1.15
�1011 cm−2 �b�. The observed modes are n=0 modes.
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mode. These excitations are related to plasma oscillations
propagating along the outer and inner boundaries of the
rings. They become localized near the edges at sufficiently
large magnetic-field values.24,25 The �0− mode corresponds
to the EMP at the outer edge, while the �0+ mode comprises
an EMP localized at the inner edge of the ring. In addition to
these fundamental modes, in some instances �Fig. 3�b�� we
also observe the mode with l=−3.

Figure 4 shows the calculated spectra of the plasmons in
disk and ring geometries with the same parameters as those
for which the experimental data are shown in Fig. 3. Quali-
tative agreement between experiment and theory is apparent.
Theory properly predicts a change of the slope for the �0+
branch from positive to negative away from B=0 as the as-

pect ratio d /D increases. For d /D exceeding 0.6 the disper-
sion also flattens as B→0 in accordance with experimental
findings. Quantitatively, the theoretical and experimental
curves for the disk �Figs. 3�a� and 4�a�� agree quite well—a
6% reduction of the experimental frequencies as compared to
the theoretical frequencies can likely be explained by the
weak influence of retardation, which has not been included
in the theory. For rings, a bigger discrepancy is observed
between experiment and theory. The experimental data
points lie systematically below the theoretical ones. The dif-
ference amounts to 10–20%. The reason for this discrepancy
is not known at present. It is worth noting that the difference
between theory and experiment was substantially smaller in
samples with electron densities twice as large.25 The growing
discrepancy between experiment and theory in low-density
samples might point to a larger influence of electron-electron
interaction.

Differences between the magnetoplasma spectra of ring-
and disk-shaped structures are not restricted to the upper
resonance mode �0+. The dispersion of the lower resonance
mode �0− propagating along the outer boundary of the ring
also undergoes changes as we switch from a disk to a ring
geometry. To highlight these modifications, it is instrumental
to replot the data of Fig. 3 and normalize for the variations in
the electron density. For the three rings in Figs. 3�b�–3�d�,
the lower branch is compared with the disk data of Fig. 3�a�
in Fig. 5. The resonance frequencies observed in each ring
were normalized by dividing through the plasma frequency
f0 of a disk with the same electron density ns and outer
diameter: 2�f0= �4�nse

2 /m�̄D�1/2. Here, �= �1+�� /2 is the
average dielectric constant of free space and GaAs. For the
wide ring with d=0.2 mm, Fig. 5�a� displays no significant
modifications in the B-field dependence of the �0− mode.
Even for the ring with d=0.6 mm in Fig. 5�b�, the frequency
of the outer EMP remains almost unchanged on the high-
magnetic-field side. It drops by about 20% of the plasma
frequency in the disk as one approaches B=0. This behavior
can be accounted for by the interaction among the �0− and
�0+ modes. The localization at large magnetic fields of the

FIG. 3. The resonance frequencies of n=0 magnetoplasma
modes in disk and ring geometries. The outer diameter D of the disk
�a� and rings �b�–�d� is 1 mm. The inner diameter d of the rings has
been indicated on each panel where it has relevance. The electron
densities were as follows: 1.4�1011 �a�, 1.1�1011 �b�, �c�, and
1.2�1011 cm−2 �d�.

FIG. 4. Calculated magnetoplasma frequencies of the modes
with quantum numbers �n , l�= �0, ±1� and �0,−3� for disk and ring
geometries as in Fig. 3 �outer diameter D=1 mm in all cases; d is
indicated in panels where it is relevant�. The electron densities are
as in Fig. 3: 1.4�1011 �a�, 1.1�1011 �b�, �c�, and 1.2�1011 cm−2

�d�. The substrate thickness was assumed to be 0.4 mm.

FIG. 5. A comparison between the �0− branch of the disk ge-
ometry with the �0− resonance frequencies of one of the three rings
under study: �a� wide ring with d /D=0.2 and ns=1.1�1011 cm−2,
�b� intermediate ring with d /D=0.6 and ns=1.15�1011 cm−2, and
�c� narrow ring with d /D=0.8 and ns=1.2�1011 cm−2. The outer
diameter D equals 1 mm for all geometries. The resonance frequen-
cies are normalized to the plasma frequency f0 �see text� of a disk
with the same outer diameter �1 mm� and electron density.

KOVALSKII et al. PHYSICAL REVIEW B 73, 195302 �2006�

195302-4



magnetoplasma oscillations at the ring boundary suppresses
this interaction, whereas near B=0 these modes are not lo-
calized. The interaction between both modes is weaker in
rings with smaller aspect ratios. These trends are evident
from a comparison of Figs. 5�a�–5�c�. The plasma frequency
in the narrow ring �Fig. 5�c�� for instance is almost three
times smaller than the plasma frequency in the disk with the
same electron concentration �f / f0�0.4� and the magnetic-
field dependence is much weaker than that in the disk. In the
EMP regime at larger fields �B�200 mT�, the disk and ring
resonance curves merge again.

When studying the properties of the magnetoplasmons of
narrow rings, it should be kept in mind that these ought to
resemble those in a 1D electron system �e.g., narrow stripes
or wires�. The low-frequency collective excitations of 2D
electrons confined to a stripe were considered theoretically in
Ref. 22 �see also Ref. 31�. For a long and narrow stripe with
a half-width of a, the energy spectrum of magnetoplasmons
when adopting a semielliptical electron density profile re-
duces to

�2�k� =

0

2k2a2

2


0
2


0
2 + �c

2 ln� 4


k
ae�� �7�

for small wave vectors k �ka�1�. Here, �c is the cyclotron
frequency, �
0.577. . . is the Euler constant, and


0 = �8nse
2

m�̄a
�1/2

�8�

is the plasma frequency of the transverse mode describing a
charge density oscillation across the stripe. Equation �7� can
be rewritten in the following form:

1

�2�k�
= � 1


0
2 +

�c
2


0
4��−1, �9�

where

� =
k2a2

2
ln� 4


k
ae�� . �10�

According to Eq. �9�, for the 1D magnetoplasma mode with
frequency f in a narrow stripe, 1 / f2 obeys a linear relation-
ship when plotted versus B2. It is worthwhile to regard the
mode in a narrow ring as a 1D plasmon in a stripe with an
effective half-width a*= �D−d� /4 and an effective length l*

equal to the mean perimeter of the ring l*=��D+d� /2. Cer-
tainly the expression �7� for a stripe cannot be directly ap-
plied to the ring geometry for a number of reasons. In a ring
shape the induced charge configuration and currents will be
different compared with a stripe. Also, the electron density
distribution in any realistic device deviates considerably
from the semielliptical profile assumed in Ref. 22. The den-
sity profile is much closer to a step function. The density is
constant almost everywhere within the mesa except for a
narrow region near the mesa boundary where it drops to
zero. Both disparities strongly affect the values of 
0 and �.
Hence, we will use 
0 and � as fitting parameters. To make
the distinction with the theoretical values we will refer to
these fit parameters as 2�F0

expt and �expt. A fit of Eq. �7� to

the experimental data for the narrow ring with D=1 mm and
d=0.8 mm is displayed in the inset of Fig. 6. The B-field
dependence of the 1D magnetoplasmon is indeed well de-
scribed by a linear law when plotting f−2 as ordinate and B2

as abscissa. From this fit to the data, we find a value of
61.1 GHz for the transverse plasma frequency F0

expt. This is
in good qualitative agreement with the value obtained from
the modified formula �8� taking into account the ring shape
�where we substitute a*= �D−d� /4 for a�. It yields 
0 /2�
=51.6 GHz instead. The other fit parameter �expt converges
to 0.008 and is less consistent with the value calculated from
Eq. �10�: �=0.018. Figure 6 also plots the experimental data
for the �0− mode and the calculated frequencies using the
fitted values �expt and F0

expt in the usual coordinates f and B
from which we also conclude that Eq. �9� captures well the
magnetic-field-dependent behavior.

In Fig. 7 the zero-field plasma frequency �0−�B=0� is
plotted as a function of the aspect ratio �=d /D for six dif-
ferent rings. The density ranged from 1.1�1011 to 1.4
�1011 cm−2. The frequencies were normalized to the zero-
field plasma frequency f0 in a disk with the same outer di-
ameter and density in order to allow a comparison despite
differences in the density. Also included in this plot are the-
oretical values for the zero-field plasma frequencies of rings
based on the theory described in Sec. III �open circles�. The
discrepancy of 10–15% between theory and experiment has
been pointed out and discussed previously. Here we mainly
wish to compare with values extracted from Eq. �7� by sub-
stituting ka with �2� / l*�a*= �D−d� / �D+d� and taking �c

equal to zero �see solid curve in Fig. 7�. For narrow rings and
for rings with intermediate values of d /D, the curve calcu-
lated with formula �7� nearly coincides with the open circles.
Deviations start to occur for small aspect ratios. This should

FIG. 6. The magnetic-field dependence of the �0− mode of the
narrow ring with D=1 mm, d=0.8 mm, and the density ns=1.2
�1011 �hollow dots�. The solid line has the functional form de-
scribed by Eq. �9�. The values of �expt and F0

expt were obtained from
a least-squares fit to the data. The inset shows the same data and fit
but f−2 is plotted versus B2.
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not come as a surprise since Eq. �7� assumes a narrow stripe-
like geometry. Hence, it loses its validity as we approach the
disk geometry.

It is interesting to compare the velocities of 1D plasmons
in a long and narrow stripe with those in a narrow ring with
the same width and 2D electron concentration. On a stripe of
0.1 mm width with an electron density of 1.2�1011 cm−2, a
velocity v1D of 1.82�107 m/s has been measured.13 In the
narrow ring with D=1 mm and d=0.8 mm and the same
electron density, we can estimate the 1D plasmon velocity at

zero magnetic field as v1D=�� d+D
2

�f�B=0�. Since for this
ring we found f�B=0�=5.5 GHz, the velocity equals v1D

=1.55�107 m/s. This is not far off from the velocity in a
stripe. In general, we observe a systematic reduction of the
1D plasmon velocity in rings of approximately 15–20%.
This difference presumably originates from the alterations in
the current and field distributions.

V. CONCLUSIONS

In summary, we have studied the properties of collective
excitations in 2D electron rings by employing an optical
method to detect the resonant absorption of microwaves. We
have specifically investigated the transition from 2D to 1D
magnetoplasmon behavior by measuring a set of rings with
the same outer diameter and electron density, but different
inner diameter. It has been shown that the change from a disk
geometry to a narrow ring shape produces significant
changes in the magnetic field dispersion as well as absolute
value of the plasmon frequencies. These experimental find-
ings are qualitatively recovered in calculations of the disk
and ring geometries. The experimental results on a narrow
ring have also been analyzed in the context of theoretical
predictions for 1D plasma excitations in a stripe.22 From this
analysis, it was possible to estimate the frequency of the n
=1 plasmon mode, which is associated with radial oscilla-
tions of the electron density in the ring.
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