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Observation of shell effects in superconducting
nanoparticles of Sn
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Christian H. Michaelis1, Ivan Brihuega1,3* and Klaus Kern1,5

In a zero-dimensional superconductor, quantum size effects1,2

(QSE) not only set the limit to superconductivity, but are also
at the heart of new phenomena such as shell effects, which
have been predicted to result in large enhancements of the su-
perconducting energy gap3–6. Here, we experimentally demon-
strate these QSE through measurements on single, isolated
Pb and Sn nanoparticles. In both systems superconductivity is
ultimately quenched at sizes governed by the dominance of the
quantum fluctuations of the order parameter. However, before
the destruction of superconductivity, in Sn nanoparticles we
observe giant oscillations in the superconducting energy gap
with particle size leading to enhancements as large as 60%.
These oscillations are the first experimental proof of coher-
ent shell effects in nanoscale superconductors. Contrarily, we
observe no such oscillations in the gap for Pb nanoparticles,
which is ascribed to the suppression of shell effects for shorter
coherence lengths. Our study paves the way to exploit QSE in
boosting superconductivity in low-dimensional systems.

Downscaling a superconductor and enhancing superconductiv-
ity has been amajor challenge in the field of nanoscale superconduc-
tivity. The advent of new tools of nanotechnology for both synthesis
and measurement of single, isolated mesoscopic superconducting
structures has opened up the possibility to explore new and fas-
cinating phenomena at reduced dimensions7–16. One of them, the
parity effects in the superconducting energy gap, was demonstrated
almost two decades ago in the only experiments that have been
able to access the superconducting properties of an individual
nanoparticle7 so far. Another exciting prediction is the occurrence
of shell effects in clean, superconducting nanoparticles4–6.

The origin of shell effects is primarily due to the discretization
of the energy levels in small particles that leads to substantial
deviations of the superconducting energy gap from the bulk
limit. For small particles, the number of discrete energy levels
within a small energy window (pairing region) around the Fermi
energy (EF) fluctuates with very small changes in the system size.
Consequently, this leads to fluctuations in the spectral density
around EF. In weakly coupled superconductors, electronic pairing
mainly occurs in a window of size ED (Debye energy) around EF;
therefore, an increase (decrease) of the spectral density around
EF will make pairing more (less) favourable, thereby increasing
(decreasing) the energy gap (∆). As a consequence, the gap
becomes dependent on the size and the shape of the particle (see
schematic in Fig. 1). The strength of fluctuations also increases
with the symmetry of the particle, because symmetry introduces
degeneracies in the energy spectrum. It is easy to see that these
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degenerate levels will enhance the fluctuations in the spectral
density and also in the gap as the number of levels within ±ED
of EF, and consequently the number of electrons taking part in
pairing, fluctuatesmarkedly. These degenerate levels will be referred
to as ‘shells’ in analogy with the electronic and nucleonic levels
forming shells in atomic, cluster and nuclear physics (see ref. 3 and
references therein). For cubic or spherical particles, this might lead
to a large modification of ∆. Theoretically, these shell effects are
described quantitatively by introducing finite-size corrections to the
Bardeen–Cooper–Schrieffer (BCS) model5,6. In this letter, through
our scanning tunnelling spectroscopic measurements on individual
superconducting nanoparticles of Pb and Sn, we demonstrate for
the first time the existence of these shell effects and the influence of
the superconducting coherence length on them.

Figure 2a shows a schematic of the experimental measurement
where a scanning tunnelling microscope (STM) tip is used to
measure the tunnelling density of states (DOS) of superconducting
nanoparticles of both Pb and Sn. A typical representative STM
topographic image for Sn nanoparticles (for Pb nanoparticle
topographic image, see ref. 17) with varying size on a BN/Rh(111)
substrate (see the Methods section for details) is shown in Fig. 2b.
We take the height of the nanoparticle as our reference because
it is measured with a high degree of accuracy with the STM. The
quasiparticle excitation spectra (conductance plots of dI/dV versus
V normalized at+5mV) for a selection of Pb and Sn nanoparticles
at a temperature of 1.2–1.4 K are plotted in Fig. 2c–e.We fitted each
spectrumwith the tunnelling equation18,

G(V )=
dI
dV
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Ns(E){f (E)− f (E−eV )} dE
}

(1)

where Ns(E) is the DOS of the superconductor, f (E) is the Fermi–
Dirac distribution function andGnn is the conductance of the tunnel
junction for V�∆/e.Ns(E) is given by:

Ns(E,Γ ,T )=Re

[
|E|+ iΓ (T )√

(|E|+ iΓ (T ))2−∆(T )2

]
(2)

where ∆(T ) is the superconducting energy gap and Γ (T ) is
a phenomenological broadening parameter that incorporates all
broadening arising from any non-thermal sources (conventionally
it is associated with the finite lifetime (τ ) of the quasiparticles,
Γ ∼ h̄/τ (ref. 19)). (This equation is phenomenological although it
works in many different systems.) There is an excellent agreement
between the experimental data and the theoretical fits, giving
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Figure 1 | Schematic of shell effects. Schematic explaining the physical origin of shell effects in small particles that leads to an oscillation in the gap value
with particle size. The left panel shows the energy band diagram of a small particle with a height h where the discretization of the energy levels is arising
from quantum confinement. Also for a particle with definite axes of symmetry, each level has further degeneracies and each degenerate level in a small
particle is referred to as the ‘shell’. Now, in superconductivity only the levels within the pairing region (Debye window) about the Fermi level, EF, take part in
pairing and consequently superconductivity. We show the expansion of this pairing region for three particles with heights h1, h2 and h3 that are very close
to each other (so that the mean level spacing is similar). The number of levels in this pairing window fluctuates depending on the position of the Fermi level
in the three particles, which leads to the fluctuation in the gap (shell effects).

unique values of ∆ and Γ (plotted as a function of particle size
in Fig. 2f and g respectively). Comparing the raw data for the Pb
and Sn, we observe that there is a gradual decrease in the zero-bias
conductance dip with particle size for Pb nanoparticles (Fig. 2c),
whereas for Sn nanoparticles (Fig. 2d,e) there is a non-monotonic
behaviour that strongly depends on the particle size regime. We
observe that although the large Sn particles (>20 nm) differing
by a size of 1 nm have similar DOS signifying similar gaps, there
is a large difference in the DOS and hence ∆, for the smaller
Sn particles (<15 nm) even if they differ by less than 1 nm in
size. The difference in the two systems is shown more clearly in
Fig. 2f , where we plot the normalized gap (normalized with respect
to their bulk values). For Pb, ∆ decreases monotonically with
decrease in particle size, whereas there is a huge variation in the
gap values for Sn below a particle size of 20 nm. For these small
sizes, gap values differ even more than 100% for similar-sized Sn
particles and enhancements as large as 60% with respect to the Sn
bulk gap are found. In both systems however, superconductivity is
destroyed below a critical particle size, which is consistent with the
Anderson criterion2, according to which superconductivity should
be completely destroyed for particle sizes where the mean level
spacing becomes equal to the bulk superconducting energy gap
(Supplementary Information). (In recent years, this criterion has
been substantially refined. It is now accepted that superconductivity
is destroyed at sizes depending on the parity of the grain and can be
lower than that predicted by the Anderson criterion. See, ref. 20.
We think that our experiments are not sensitive to the parity of a
particle.) It is also worth noting that the average gap for the large Sn
nanoparticles (20–30 nm) shows an increase of 20% from the bulk
value (Supplementary Information).

From the two parameters characterizing the superconducting
state of our nanoparticles, ∆ and Γ , only Γ evolves in a similar
way as a function of particle size both for Pb and Sn (Fig. 2g).
In both systems, we observe an increase in Γ with reduction in
particle size. Interestingly, it seems that superconductivity is limited
to sizes where Γ < ∆bulk.. At smaller sizes, superconductivity is

completely suppressed in both systems. This indicates that Γ may
have a particular significance in our measurements. To understand
the behaviour of Γ with particle size, we invoke the role of
quantum fluctuations in small particles. It is known from both
theoretical calculations and experiments that there should be an
increase in the quantum fluctuations in confined geometries21–23,
as observed in experiments on nanowires8. Similarly, because in
a zero-dimensional (0D) superconductor the number of electrons
taking part in superconductivity decreases, we expect an increase
in the uncertainty in the phase of the superconducting order
parameter18,19 (within a single particle, there will be a decrease
in the long-range phase coherence). The increased fluctuations
in the superconducting order parameter are expected to increase
Γ (as fluctuations act as a pair-breaking effect). Therefore, we
associate Γ with the energy scale related to quantum fluctuations.
Our results indicate that in 0D systems the presence of quantum
fluctuations of the phase (where Γ > ∆bulk) set the limit to
superconductivity and this corresponds to the size consistent with
the Anderson criterion23.

We focus now on the main result of this work, reflected in
the variation of ∆ with particle size in Sn nanoparticles, and the
observed striking difference with Pb. To interpret the experimental
results we carry out a theoretical study of finite-size corrections
in the BCS formalism in line with refs 4–6. We will primarily
focus only on the finite-size corrections to the BCS gap equation
because the corrections to the BCS mean field approximation5

lead to a monotonic decrease in the gap and are not responsible
for the observed oscillations in Sn nanoparticles. (The leading
correction to the BCS prediction is given by∆=∆BCS−δ/2, where
∆BCS is the bulk gap and δ is the discrete energy level spacing
of the nanoparticle. This predicts a decrease in the average gap
with reduction in particle size and can qualitatively explain the
monotonic dependence of the average gap in both Pb and Sn
nanoparticles.) For the correction to the BCS gap equation, two
types of correction are identified, smooth and fluctuating4,5. The
former depends on the surface and volume of the grain and always
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Figure 2 | Experimental configuration and low-temperature superconducting properties of single, isolated Pb and Sn nanoparticles: observation of
shell effects. a, 3D representation of the experimental set-up. Superconducting nanoparticles deposited on a BN/Rh(111) substrate vary in height between
1 and 35 nm and are probed individually with the help of the STM tip. b, 125×90 nm2 3D STM image showing the Sn nanoparticles of varying sizes
deposited on the BN/Rh (111) substrate. The image is taken at a sample bias voltage of 1 V with a tunnelling current of It=0.1 nA. This is representative of
topographic images of the superconducting Pb and Sn nanoparticles on the substrate. c–e, Normalized conductance spectra (dI/dV versus V, normalized
at a bias voltage of 5 mV). The circles are the raw experimental data and the solid lines are the theoretical fits using equations (1) and (2) (see text). c, For
Pb nanoparticles of different heights at T= 1.2 K. d, For two large Sn nanoparticles with heights of 29.5 and 29.0 nm at T= 1.4 K. e, For two small Sn
nanoparticles with heights of 10.5 and 10.0 nm at T= 1.4 K. f,g, Comparison of the variation of superconducting energy gap (∆) and broadening parameter
(Γ ) at low temperature (T= 1.2–1.4 K) for different Pb and Sn nanoparticles respectively as a function of particle height. The gap is normalized with
respect to the bulk gaps. The solid lines in f are guides to the eye.

enhances the gap with respect to the bulk. As this contribution
decreases monotonically with the system size, it is not relevant in
the description of the experimental fluctuations of∆. To explain the
observed fluctuations of gap in Sn, we start with the self-consistent
equation for the BCS order parameter5,6,

∆(ε)=
∫ ED

−ED

λ∆(ε′)I (ε,ε′)
2
√
ε′2+∆(ε′)2

ν(ε)
ν(0)

dε′ (3)

where I (ε,ε′)=V
∫ L
0 9ε

2(r)9ε′
2(r) dr , ED is the Debye energy, L is

a typical length of the grain, ν(0) is the spectral density at the Fermi
level,λ is the dimensionless coupling constant, ν(ε)=

∑
igiδ(ε−εi),

where εi are the eigenvalues, with degeneracy gi, and ψε(r) are
the eigenfunctions with energy ε of a free particle confined inside
the grain. For Sn, a weak-coupling superconductor, a simple BCS

formalism is capable of providing a good quantitative description
of superconductivity. Equation (3) can be further simplified by
noting4–6 that for kFL� 1 gap oscillations are controlled only by
ν(ε). In our experiment (where L ranges between 2 and 60 nm) we
are always in this limit as the Fermi wavevector kF = 16.4 nm−1 in
Sn. As explained in the introduction, the gap oscillations arise from
the discreteness of the level spectrum (Fig. 1), which is reflected in
the expression of the spectral density ν(ε), and hence equation (3)
leads to an oscillatory variation of gap with particle size. It can also
be seen from the expression of ν(ε) that the presence of degeneracies
(gi>1) will enhance the gap fluctuations. Large gi is typical of grains
with symmetry axes in which the energy levels are degenerate in a
quantum number. A typical example is the sphere with three axes
of symmetry. In this case, each level in the energy spectrum with an
angularmomentumquantumnumber l is 2l+1 times degenerate.
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Figure 3 | Comparison of experimental results with theoretical calculations obtained from finite-size corrections to the BCS model. a, Variation
of normalized gap with particle height. The filled symbols are obtained from the experimental data and the solid line is obtained from the theoretical
calculations. The oscillations in the gap are explained on the basis of shell effects obtained from finite-size corrections to the BCS model. b, Variation
in the average oscillations in the gap for Pb and Sn with particle height. The filled symbols are experimental data and the dashed lines are obtained from the
theoretical calculations.

We next proceed to solve equation (3) numerically. As we are
interested only in fluctuations, for simplicity in the calculations we
will set I (ε,ε′)= 1. An important parameter in equation (3) is λ,
which implies an effective coupling constant (electron phonon cou-
pling minus the Coulomb repulsion) providing, strictly within the
BCS formalism, a quantitative description of the superconductor.
A natural choice is λ= 0.25 (for Sn), as this leads to the bulk gap
and the coherence length consistent with the experimental values of
these observables. The magnitude of the fluctuations will strongly
depend on the shape of the grain as expected from the theory of
shell effects5. From the experimental topographic images of the
nanoparticles, we can infer that the shape is very close to being a
hemisphere (it cannot be said with certainty because the diameter of
the particle is convoluted with the tip radius). However, a statistical
analysis of the nanoparticle images reveals that the deviations from
an ideal hemispherical shape should not be larger than 15%. Hence,
for calculations, we model the shape of the nanoparticles as being
a spherical cap with h/R> 0.85. We solve equation (3) numerically
after computing the εi for a given ratio of h/R. In the hemispherical
case, h/R = 1, the eigenvalues are simply the roots of a Bessel
function. For other ratios, we use a method based on a perturbative
expansion around the hemispherical geometry that is valid only for
1−h/R� 1 (similar to the treatment in ref. 24). The parameters
used to describe the Sn nanoparticles are the height, h, measured
by the STM, kF = 16.4 nm−1, EF = 10.2 eV, ED = 9.5meV and the
coupling constant λ = 0.25. We plot the calculated normalized
gap as obtained from equation (3) as a function of h (calculations
done down to h = 10 nm to safely remain within the validity of
the BCS formalism) (solid lines in Fig. 3a) and superimpose the
experimental results of Sn nanoparticles from Fig. 2f (shown by
filled symbols in Fig. 3a). Here, the data are normalized with respect
to the average gap value obtained experimentally. (We divided the
particle size in small bins of 2 nm wide and the average of the
superconducting energy gap in each bin was determined.) For h/R
ranging between 0.9 and 0.95 (Supplementary Information), we
obtain a reasonably good quantitativematching with the theoretical
results, indicating that finite-size corrections can satisfactorily
explain the results of Sn nanoparticles.

The natural question that follows is why such oscillations in ∆
are not observed for Pb nanoparticles (filled triangles in Fig. 2f).
(Note that oscillations in the gap have been observed in 2D Pb
thin films below a critical thickness of 2 nm (thickness < Fermi
wavelength) as a function of the number of layers in the film11–13.
This phenomenon originates from the quantum confinement in
the z direction leading to an oscillatory behaviour of the DOS at
the Fermi level (with infinite degeneracy of the levels along the

other two directions) and is independent of the superconducting
coherence length.) We recall that fluctuations in 0D systems have
their origin in the discreteness of the spectrum and any mechanism
that induces level broadening will suppress these oscillations. The
superconducting coherence length (ξ) of Pb (∼80 nm; ref. 25)
being much shorter than that of Sn (∼240 nm; ref. 25) will
introduce a level broadening (broadening ∝ vF/ξ). Moreover,
because interactions are much stronger in Pb, the lifetime of the
quasiparticles is shorter and a further level broadening is expected.
In Fig. 3b we plot the average oscillations obtained from both
experiments and theory as a function of particle height for Pb
and Sn nanoparticles. These average oscillations are the standard
deviation of the gap from the average value. We observe a good
matching between theory and experiments. We would like to point
out that for Pb, the BCS description is an oversimplified model and
one needs to solve the Eliashberg equations26 to obtain the correct
average gap values. However, to compute the oscillations in the
gap and to check the suppression of the shell effects, BCS gives a
reasonably good description for the strong-coupling Pb (Fig. 3b).

Our results indicate that for any classical BCS superconductor
with large quantum coherence lengths it is possible to enhance the
superconducting energy gap by large factors (∼60%) by tuning only
the particle size. This may prove to be very useful in the case of
fullerides or hexaborides that are known to show a relatively high
Tc in the bulk.

Methods
The experiments were carried out in an ultrahigh-vacuum system (base pressure
< 5×10−11 torr) combined with a home-built low-temperature STM. The base
temperature was 0.9 K. Differential conductance (dI/dV ) spectra were measured
with a tungsten (W) tip with an open feedback loop using the lock-in technique
with a 50 µV voltage modulation. A stabilization current of 0.1 nA and an initial
sample voltage of 8.0mV was used to measure all of the tunnelling spectra. The Pb
and Sn nanoparticles of 1–35 nm height were grown in situ on top of a BN/Rh(111)
surface by means of buffer-layer-assisted growth27 (Fig. 2b) where the BN having
a bandgap of ∼6 eV acts as a decoupling layer. The topographic images of the
nanoparticles on the surface were taken with the STM. The 3D plots were obtained
by using the WSXM software28.
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