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Introduction to topological aspects in !
condensed matter physics



1st lecture: !
- Topological band theory!

       - Topological insulators in 1D (polyacetylene)!
       - Topological insulators in 2D (IQHE, QSHE)

2nd lecture:!
- Topological insulators w/ TRS in 2D & 3D (Z2 invariant)!
- BdG theory for superconductors!
- Topological superconductors in 1D and 2D!
- Majorana bound states

3rd lecture:!
       - Topological superconductors in 2D and 3D w/ TRS!
       - Periodic table of topological insulators and superconductors

Ten-fold classification of !
topological insulators and superconductors 

4th lecture:!
       - Topological crystalline insulators!
       - Gapless topological materials
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- M.Z. Hasan and C.L. Kane, Rev. Mod. Phys. 82, 3045 (2010)!

        - X.L. Qi and S.C. Zhang, Rev. Mod. Phys. 83, 1057 (2011)!
        - S. Ryu, A. P. Schnyder, A. Furusaki, A. Ludwig, New J. Phys. 12, 065010 (2010)!
        - C. Beenakker, Annual Review of Cond. Mat. Phys. 4, 113 (2013)!
        - J. Alicea, Rep. Prog. Phys. 75, 076501 (2012)!
        - Y. Ando, J. Phys. Soc. Jpn. 82, 102001 (2013)!

Books:!
- Shun-Qing Shen, “Topological insulators”, Springer Series in Solid-State !
     Sciences, Volume 174 (2012)!
- B. Andrei Bernevig, "Topological Insulators and Topological Superconductors”,   !
     Princeton University Press (2013)!
- Mikio Nakahara, "Geometry, Topology and Physics", Taylor & Francis (2003) !
- A. Bohm, A. Mostafazadeh, H. Koizumi, Q. Niu, J. Zwanziger, “The geometric  
     phase in quantum systems”, Springer (2003)!
- M. Franz and L. Molenkamp, “Topological Insulators”, Contemporary Concepts  
     of Condensed Matter Science, Elsevier (2013)!

      



1st lecture: Topological band theory
1. Introduction!

- What is topology?!
       - Topological band theory 

3. Topological insulators in 2D!
- Integer quantum Hall effect!
- Bulk boundary correspondence!
- Chern insulator on square lattice!

2. Topological insulators in 1D!
- Berry phase !
- Simple example: Two-level system!
- Polyacetylene (Su-Schrieffer-Heeger model)!
- Domain wall states



For example, consider two-dimensional surfaces in three-dimensional space

Genus can be expressed in terms of an integral 
of the Gauss curvature over the surface 

What is topology?

The study of geometric properties that are insensitive to smooth deformations

Closed surface is characterized by its genus g = # holes
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 g is an integer topological invariant

Gauss-Bonnet Theorem

In condensed matter physics:

Topology of insulating materials, topology of band structures



Band theory of solids and topology

Bloch’s theorem:

Topological equivalence:
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich
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=

Bloch Hamiltonian
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Band structure defines a mapping:
Hamiltonians!

with energy gapBrillouin zone
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1 frist chapter
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Band structures are equivalent if they can be continuously !
deformed into one another without closing the energy gap 

Electron wavefunction in crystal

crystal momentum

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich
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Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)

En
er

gy

Momentum
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homotopy

ν = # kx (1)

∆±
k

= ∆s ± ∆t |dk| (2)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (3)

and

π3[U(2)] = q(k) :∈ U(2) (4)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (5)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (6)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(7)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(8)

+ λ cos ky

(

c†nky↓cnky↑ + c†nky↑cnky↓

)

(9)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (10)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (11)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(12)

a (13)

ξ±
k

= εk ± α |gk|(14)
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Bloch theorem

[T (R), H ] = 0 |ψn⟩ = eikr |un(k)⟩ (1)

(2)

H(k) = e−ikrHe+ikr (3)

(4)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (5)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (6)

majoranas

γ1 = ψ + ψ† (7)

γ2 = −i
(

ψ − ψ†
)

(8)

and

ψ = γ1 + iγ2 (9)

ψ† = γ1 − iγ2 (10)

and

γ2
i = 1 (11)

{γi, γj} = 2δij (12)

mean field

γ†
E=0 = γE=0 (13)

⇒ γ†
k,E = γ−k,−E (14)

Ξ ψ+k,+E = τxψ
∗
−k,−E (15)

Ξ2 = +1 Ξ = τxK (16)

τx =

(

0 1
1 0

)

(17)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (18)

weak vs strong

|µ| < 4t (19)

n = 1 (20)
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Bloch wavefunction!
has periodicity of potential

gap

consider electron wavefunction in periodic crystal potential



Topological invariants of band structures:

I. NON-CENTROSYMMETRIC SUPERCONDUCTORS: GENERAL FORMALISM

Gauss Bonnet
∫

M

κ dA = 2πχ = 2π(2 − 2g) (1.1)

Berry connection

A = ⟨uk|− i∇k |uk⟩ (1.2)

F = ∇× A (1.3)

We consider a model Hamiltonian for a BCS superconductor in a non-centrosymmetric crystal.

In particular we have Li2PdxPt3−xB in mind. In the following {sx, sy, sz} denote the Pauli matrices

in the spin grading, whereas {τx, τy, τz} denote the Pauli matrices in the particle-hole grading. We

start from a general time-reversal invariant superconductor with the Hamiltonian

H =
∑

k

(

ψ†
k

ψT
−k

)

H(k)

⎛

⎝

ψk

ψ†T
−k

⎞

⎠ , H(k) =

⎛

⎝

h(k) ∆(k)

∆†(k) −hT (−k)

⎞

⎠ . (1.4)

We start from the Hamiltonian

H =
1

2

∑

k

(

c†
k↑ c†

k↓ c−k↑ c−k↓

)

Hk

⎛

⎜

⎜

⎜

⎜

⎜

⎝

ck↑

ck↓

c†−k↑

c†−k↓

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, Hk =

⎛

⎝

Ξk ∆k

∆†
k
−ΞT

−k

⎞

⎠ , (1.5a)

with the matrix elements

Ξk = εks0 + gk · s, ∆k = (ψk + dk · s) (isy) , (1.5b)

the bare band dispersion is for simplicity assumed to be

εk = t1 (cos kx + cos ky + cos kz) − µ (1.5c)

(which is assumed to be time-reversal invariant εk = ε−k). Here we shall use the following

parameters (t1, µ) = (1.0, 1.8). The spin-orbit coupling is parameterized by

gk = αlk = α (lxkx̂ + ly
k
ŷ + lzkẑ) = α(x̂ sin ky − ŷ sin kx), (1.5d)

where g−k = −gk. For lz
k

= 0, this is called Rashba-type spin-orbit coupling. The spin-orbit

coupling strength is taken to be α = 0.05. This asymmetric spin-orbit coupling leads to a mixing

3

define Berry connection: (like EM vector potential)

Berry curvature tensor: (gauge independent)

Topological property of insulating material 
given by Chern number (or winding number):

Band theory and topology

Berry phase:

Phase ambiguity of wavefucntion
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and

|u(k)⟩ → eiφk |u(k)⟩ (1)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (2)

(3)

H(k) = e−ikrHe+ikr (4)

(5)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (6)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (7)

majoranas

γ1 = ψ + ψ† (8)

γ2 = −i
(

ψ − ψ†
)

(9)

and

ψ = γ1 + iγ2 (10)

ψ† = γ1 − iγ2 (11)

and

γ2
i = 1 (12)

{γi, γj} = 2δij (13)

mean field

γ†
E=0 = γE=0 (14)

⇒ γ†
k,E = γ−k,−E (15)

Ξ ψ+k,+E = τxψ
∗
−k,−E (16)

Ξ2 = +1 Ξ = τxK (17)

τx =

(

0 1
1 0

)

(18)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (19)

weak vs strong

|µ| < 4t (20)

n = 1 (21)
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majoranas

γ1 = ψ + ψ† (9)

γ2 = −i
(

ψ − ψ†
)

(10)

and

ψ = γ1 + iγ2 (11)

ψ† = γ1 − iγ2 (12)

and

γ2
i = 1 (13)

{γi, γj} = 2δij (14)

mean field

γ†
E=0 = γE=0 (15)

⇒ γ†
k,E = γ−k,−E (16)

Ξ ψ+k,+E = τxψ
∗
−k,−E (17)

Ξ2 = +1 Ξ = τxK (18)

τx =

(

0 1
1 0

)

(19)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (20)
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and

|u(k)⟩ → eiφk |u(k)⟩ (1)

A → A + ∇kφk (2)

F = ∇k ×A (3)

γC =

∮

C

A · dk (4)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (5)

(6)

H(k) = e−ikrHe+ikr (7)

(8)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (9)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (10)

majoranas

γ1 = ψ + ψ† (11)

γ2 = −i
(

ψ − ψ†
)

(12)

and

ψ = γ1 + iγ2 (13)

ψ† = γ1 − iγ2 (14)

and

γ2
i = 1 (15)

{γi, γj} = 2δij (16)

mean field

γ†
E=0 = γE=0 (17)

⇒ γ†
k,E = γ−k,−E (18)

Ξ ψ+k,+E = τxψ
∗
−k,−E (19)

Ξ2 = +1 Ξ = τxK (20)

τx =

(

0 1
1 0

)

(21)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (22)

under gauge transformation:
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and
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and

|u(k)⟩ → eiφk |u(k)⟩ (1)

A → A + ∇kφk (2)

F = ∇k ×A (3)

γC =

∮

C

A · dk (4)

γC =

∫

S

Fd2k (5)

=⇒ (6)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (7)

(8)

H(k) = e−ikrHe+ikr (9)

(10)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (11)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (12)

majoranas

γ1 = ψ + ψ† (13)

γ2 = −i
(

ψ − ψ†
)

(14)

and

ψ = γ1 + iγ2 (15)

ψ† = γ1 − iγ2 (16)

and

γ2
i = 1 (17)

{γi, γj} = 2δij (18)

Berry phase: (gauge invariant quantity)!
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Chern number

n =
i

2π

∫

F dk filled states (1)

Gauss:
∫

S

κ dA = 4π(1 − g) (2)

Thermal Halll

κxy

T
=

π2k2
B

6h
n (3)

start labels

4s 3p 3s Egap − π/a + π/a (4)

end labels

H(k) (5)

and

W (k∥) = (6)

HBdG =

⎛

⎜

⎜

⎝

εk − gz
k

+∆s,k + ∆t,k ε∗⊥k
0

+∆s,k + ∆t,k −εk + gz
k

0 −ε∗⊥k

ε⊥k
0 εk + gz

k
−∆s,k + ∆t,k

0 −ε⊥k
−∆s,k + ∆t,k −εk − gz

k

⎞

⎟

⎟

⎠

, (7)

and

λL ≫ ξ0 ξ0 = !vF /(π∆0) (8)

(9)

λL > L ≫ ξ0 (10)

charge current operator

jy(x) =
iekF /β

2π!

√

λ̃2 + 1

∑

iωn,ν

+π/2
∫

−π/2

dθν sin θν ×

{

E

Ων
uνvν

(

ahe
ν,ν + aeh

ν,ν

)

e−2iqνx

}∣

∣

∣

∣

E→iωn

,

jl,y = +
e

!
t
∑

ky ,σ

sin ky c†lkyσclkyσ −
e

!
α

∑

ky

cos ky

(

c†lky↓clky↑ + c†lky↑clky↓

)

(10)

(11)
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and

n =
i

2π

∑

∫

Fd2k (1)

|u(k)⟩ → eiφk |u(k)⟩ (2)

A → A + ∇kφk (3)

F = ∇k ×A (4)

γC =

∮

C

A · dk (5)

γC =

∫

S

Fd2k (6)

=⇒ (7)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (8)

(9)

H(k) = e−ikrHe+ikr (10)

(11)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (12)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (13)

majoranas

γ1 = ψ + ψ† (14)

γ2 = −i
(

ψ − ψ†
)

(15)

and

ψ = γ1 + iγ2 (16)

ψ† = γ1 − iγ2 (17)

and

γ2
i = 1 (18)

{γi, γj} = 2δij (19)

change in phase on a closed loop

U(1) fiber bundle: to each     attach fiber 
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and this

k (1)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

 
|q⇤|� 2E/�t (2)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (3)

some more

kx kz (4)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (5)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌃

d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(6)

qx qy (7)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (8)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

⌥
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅��
, (9)

and

⇥G⇥
nn(E,k⇤,q⇤) =

⇧

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (10)

and

⇥�⇥(E,q) =

⌃
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (11)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (12)

these are the formulas I need:

⇥⇧00
s ⇥⇧ij

s |q⇤| = 2E/�t

1/qx qx = ±2E/�t (13)

Festk

¨

orperphysik II, Musterl

¨

osung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

and this

k
⇤
g |u(k)⇧

⇧⇧ g ⇤ U(1)
⌅

(1)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

⌦
|q⇤|� 2E/�t (2)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (3)

some more

kx kz (4)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (5)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(6)

qx qy (7)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (8)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

�
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅�
 
, (9)

and

⇥G⇥
nn(E,k⇤,q⇤) =

⌃

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (10)

and

⇥�⇥(E,q) =

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (11)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (12)

these are the formulas I need:

⇥⇧00
s ⇥⇧ij

s |q⇤| = 2E/�t

1/qx qx = ±2E/�t (13)
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and this

k
⇤
g |u(k)⇧

⇧⇧ g ⇤ U(1)
⌅

(1)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

⌦
|q⇤|� 2E/�t (2)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (3)

some more

kx kz (4)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (5)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(6)

qx qy (7)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (8)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

�
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅�
 
, (9)

and

⇥G⇥
nn(E,k⇤,q⇤) =

⌃

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (10)

and

⇥�⇥(E,q) =

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (11)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (12)

these are the formulas I need:

⇥⇧00
s ⇥⇧ij

s |q⇤| = 2E/�t

1/qx qx = ±2E/�t (13)
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and this

k
⇤
g |u(k)⇧

⇧⇧ g ⇤ U(1)
⌅

(1)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

⌦
|q⇤|� 2E/�t (2)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (3)

some more

kx kz (4)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (5)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(6)

qx qy (7)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (8)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

�
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅�
 
, (9)

and

⇥G⇥
nn(E,k⇤,q⇤) =

⌃

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (10)

and

⇥�⇥(E,q) =

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (11)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (12)

these are the formulas I need:

⇥⇧00
s ⇥⇧ij

s |q⇤| = 2E/�t

1/qx qx = ±2E/�t (13)
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and this

k (1)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

 
|q⇤|� 2E/�t (2)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (3)

some more

kx kz (4)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (5)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌃

d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(6)

qx qy (7)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (8)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

⌥
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅��
, (9)

and

⇥G⇥
nn(E,k⇤,q⇤) =

⇧

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (10)

and

⇥�⇥(E,q) =

⌃
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (11)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (12)

these are the formulas I need:

⇥⇧00
s ⇥⇧ij

s |q⇤| = 2E/�t

1/qx qx = ±2E/�t (13)
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and this

⌅ 2 (1)

k
⇤
g |u(k)⇧

⇧⇧ g ⇤ U(1)
⌅

(2)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

⌦
|q⇤|� 2E/�t (3)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (4)

some more

kx kz (5)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (6)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(7)

qx qy (8)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (9)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

�
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅�
 
, (10)

and

⇥G⇥
nn(E,k⇤,q⇤) =

⌃

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (11)

and

⇥�⇥(E,q) =

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (12)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (13)

these are the formulas I need:

⇥⇧00
s ⇥⇧ij

s |q⇤| = 2E/�t

1/qx qx = ±2E/�t (14)
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and this

⌅ 2 (1)

k
⇤
g |u(k)⇧

⇧⇧ g ⇤ U(1)
⌅

(2)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

⌦
|q⇤|� 2E/�t (3)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (4)

some more

kx kz (5)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (6)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(7)

qx qy (8)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (9)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

�
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅�
 
, (10)

and

⇥G⇥
nn(E,k⇤,q⇤) =

⌃

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (11)

and

⇥�⇥(E,q) =

⌥
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (12)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (13)

these are the formulas I need:

⇥⇧00
s ⇥⇧ij

s |q⇤| = 2E/�t

1/qx qx = ±2E/�t (14)
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Simple example

�C =

�

S

F · dk (1)

Berry curvature

Fki,kj =
sin ⇤

2

⌥(⇤,⌃)

⌥(ki, kj)
(2)

k d(k) (3)

F�⇥ = ⌥�A⇥ � ⌥⇥A� =
sin ⇤

2
(4)

Berry vector potential

A� = i
⇤
u�k
⇧⇧ ⌥�

⇧⇧u�k
⌅

= 0 (5)

A⇥ = i
⇤
u�k
⇧⇧ ⌥⇥

⇧⇧u�k
⌅

= sin2 (⇤/2) (6)

and

A� = (7)
⇧⇧u+

k

⌅
=

⌃
cos(⇤/2)e�i⇥

sin(⇤/2)

⌥
(8)

⇧⇧u�k
⌅

=

⌃
sin(⇤/2)e�i⇥

� cos(⇤/2)

⌥
(9)

(10)

E± = ± |d| (11)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (12)

H(k) = d(k) · � =

⌃
dz dx � idy

dx + idy �dz

⌥
(13)

and

⌅ 2 (14)

k
�
g |u(k)⌅

⇧⇧ g ⇤ U(1)
⇥

(15)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

 
|q⇥|� 2E/�t (16)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (17)
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Simple example

d(k) = k (1)

�C =

�

S

F · dk (2)

Berry curvature tensor

Fµ⇥(k) =
⌥

⌥kµ
A⇥(k)� ⌥

⌥k⇥
Aµ(k) (3)

Berry curvature

Fki,kj =
sin ⇤

2

⌥(⇤,⌃)

⌥(ki, kj)
(4)

k d(k) (5)

F�⇤ = ⌥�A⇤ � ⌥⇤A� =
sin ⇤

2
(6)

Berry vector potential

A� = i
⇤
u�k
⇧⇧ ⌥�

⇧⇧u�k
⌅

= 0 (7)

A⇤ = i
⇤
u�k
⇧⇧ ⌥⇤

⇧⇧u�k
⌅

= sin2 (⇤/2) (8)

and

A� = (9)
⇧⇧u+

k

⌅
=

⌃
cos(⇤/2)e�i⇤

sin(⇤/2)

⌥
(10)

⇧⇧u�k
⌅

=

⌃
sin(⇤/2)e�i⇤

� cos(⇤/2)

⌥
(11)

(12)

E± = ± |d| (13)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (14)

H(k) = d(k) · � =

⌃
dz dx � idy

dx + idy �dz

⌥
(15)

and

⌅ 2 (16)

k
�
g |u(k)⌅

⇧⇧ g ⇤ U(1)
⇥

(17)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

 
|q⇥|� 2E/�t (18)
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Simple example

Fµ⇥ = ⇥µ⇥⇤F ⇤ (1)

F = ⇤k ⇥A (2)

d(k) = k (3)

�C =

⌃

S

F · dk (4)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (5)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(6)

k d(k) (7)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(8)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (9)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (10)

and

A� = (11)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(12)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(13)

(14)

E± = ± |d| (15)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (16)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(17)
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Simple example

Fµ⇥ = ⇥µ⇥⇤F ⇤ (1)

F = ⇤k ⇥A (2)

d(k) = k (3)

�C =

⌃

S

F · dk (4)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (5)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(6)

k d(k) (7)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(8)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (9)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (10)

and

A� = (11)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(12)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(13)

(14)

E± = ± |d| (15)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (16)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(17)
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Simple example

F =
1

2

k̂

k2
(1)

�C =

⌃

S

F�⌅ d⇤d⌅ = (2)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (3)

F = ⇤k ⇥A (4)

d(k) = k (5)

�C =

⌃

S

F · dk (6)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (7)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(8)

k d(k) (9)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(10)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (11)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (12)

and

A� = (13)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(14)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(15)

(16)

E± = ± |d| (17)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (18)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(19)
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Berry vector potential

A⇤ = i
⇧
u�k
⌥⌥ ⌥⇤

⌥⌥u�k
⌃

= 0 (1)

A⇧ = i
⇧
u�k
⌥⌥ ⌥⇧

⌥⌥u�k
⌃

= sin2 (⇤/2) (2)

and

A⇤ = (3)
⌥⌥u+

k

⌃
=

�
cos(⇤/2)e�i⇧

sin(⇤/2)

 
(4)

⌥⌥u�k
⌃

=

�
sin(⇤/2)e�i⇧

� cos(⇤/2)

 
(5)

(6)

E± = ± |d| (7)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (8)

H(k) = d(k) · � =

�
dz dx � idy

dx + idy �dz

 
(9)

and

⌅ 2 (10)

k
⇤
g |u(k)⇧

⌥⌥ g ⇤ U(1)
⌅

(11)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

↵
|q⇥|� 2E/�t (12)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (13)

some more

kx kz (14)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (15)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌦

d2k⇥
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(16)

qx qy (17)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (18)
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and

A⇤ = (1)
⌃⌃u+

k

⇧
=

⌥
cos(⇤/2)e�i⇧

sin(⇤/2)

�
(2)

⌃⌃u�k
⇧

=

⌥
sin(⇤/2)e�i⇧

� cos(⇤/2)

�
(3)

(4)

E± = ± |k| (5)

and this

d(k) = k = |k|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (6)

H(k) = d(k) · � =

⌥
dz dx � idy

dx + idy �dz

�
(7)

and

⌅ 2 (8)

k
⇤
g |u(k)⇧

⌃⌃ g ⇤ U(1)
⌅

(9)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

�
|q⇤|� 2E/�t (10)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (11)

some more

kx kz (12)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (13)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
 

d2k⇤
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(14)

qx qy (15)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (16)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

⌦
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅⇥↵
, (17)
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and

A⇤ = (1)
⌃⌃u+

k

⇧
=

⌥
cos(⇤/2)e�i⇧

sin(⇤/2)

�
(2)

⌃⌃u�k
⇧

=

⌥
sin(⇤/2)e�i⇧

� cos(⇤/2)

�
(3)

(4)

E± = ± |k| (5)

and this

d(k) = k = |k|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (6)

H(k) = d(k) · � =

⌥
dz dx � idy

dx + idy �dz

�
(7)

and

⌅ 2 (8)

k
⇤
g |u(k)⇧

⌃⌃ g ⇤ U(1)
⌅

(9)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

�
|q⇤|� 2E/�t (10)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (11)

some more

kx kz (12)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (13)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
 

d2k⇤
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(14)

qx qy (15)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (16)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

⌦
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅⇥↵
, (17)

Berry curvature: (gauge independent)

Berry phase for two-level system

Two-level Hamiltonian:

Simple example: 

C S
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and

H(k) = d(k) · σ d̂ (1)

n =
i

2π

∑

∫

Fd2k (2)

|u(k)⟩ → eiφk |u(k)⟩ (3)

A → A + ∇kφk (4)

F = ∇k ×A (5)

γC =

∮

C

A · dk (6)

γC =

∫

S

Fd2k (7)

=⇒ (8)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (9)

(10)

H(k) = e−ikrHe+ikr (11)

(12)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (13)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (14)

majoranas

γ1 = ψ + ψ† (15)

γ2 = −i
(

ψ − ψ†
)

(16)

and

ψ = γ1 + iγ2 (17)

ψ† = γ1 − iγ2 (18)

and

γ2
i = 1 (19)

{γi, γj} = 2δij (20)
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and this

H(k) = d(k) · � =

⌃
dz dx � idy

dx + idy �dz

⌥
(1)

and

⌅ 2 (2)

k
⇤
g |u(k)⇧

⇧⇧ g ⇤ U(1)
⌅

(3)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

�
|q⇤|� 2E/�t (4)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (5)

some more

kx kz (6)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (7)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
 

d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(8)

qx qy (9)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (10)

and this is it:

⇥⇧�⇥
s (E,q) = � 1

2⌅i

⌦
⇥�⇥(E,q)�

⇤
⇥�⇥(E,�q)

⌅�
↵
, (11)

and

⇥G⇥
nn(E,k⇤,q⇤) =

�

n�n��

G(0)
nn�(E,k⇥

⇤)V
⇥
n�n��G

(0)
n��n(E,k⇤), (12)

and

⇥�⇥(E,q) =

 
d2k⇤

(2⌅)2
Tr⇤

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

. (13)

More formulas I need:

q = kf � ki kf ki ⇤ = 2⌅/|q| (14)

two eigenvectors with energies 

param. by spherical coord.:

Berry vector potential: (gauge dependent)

(north pole gauge)
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Berry vector potential

A⇤ = i
⇧
u�k
⌥⌥ ⌥⇤

⌥⌥u�k
⌃

= 0 (1)

A⇧ = i
⇧
u�k
⌥⌥ ⌥⇧

⌥⌥u�k
⌃

= sin (⇤/2)2 (2)

and

A⇤ = (3)
⌥⌥u+

k

⌃
=

�
cos(⇤/2)e�i⇧

sin(⇤/2)

 
(4)

⌥⌥u�k
⌃

=

�
sin(⇤/2)e�i⇧

� cos(⇤/2)

 
(5)

(6)

E± = ± |k| (7)

and this

d(k) = k = |k|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (8)

H(k) = d(k) · � =

�
dz dx � idy

dx + idy �dz

 
(9)

and

⌅ 2 (10)

k
⇤
g |u(k)⇧

⌥⌥ g ⇤ U(1)
⌅

(11)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

↵
|q⇥|� 2E/�t (12)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (13)

some more

kx kz (14)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (15)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌦

d2k⇥
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(16)

qx qy (17)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (18)
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Berry vector potential

A⇤ = i
⇧
u�k
⌥⌥ ⌥⇤

⌥⌥u�k
⌃

= 0 (1)

A⇧ = i
⇧
u�k
⌥⌥ ⌥⇧

⌥⌥u�k
⌃

= sin (⇤/2)2 (2)

and

A⇤ = (3)
⌥⌥u+

k

⌃
=

�
cos(⇤/2)e�i⇧

sin(⇤/2)

 
(4)

⌥⌥u�k
⌃

=

�
sin(⇤/2)e�i⇧

� cos(⇤/2)

 
(5)

(6)

E± = ± |k| (7)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (8)

H(k) = d(k) · � =

�
dz dx � idy

dx + idy �dz

 
(9)

and

⌅ 2 (10)

k
⇤
g |u(k)⇧

⌥⌥ g ⇤ U(1)
⌅

(11)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

↵
|q⇥|� 2E/�t (12)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (13)

some more

kx kz (14)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (15)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌦

d2k⇥
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(16)

qx qy (17)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (18)
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Berry vector potential

A⇤ = i
⇧
u�k
⌥⌥ ⌥⇤

⌥⌥u�k
⌃

= 0 (1)

A⇧ = i
⇧
u�k
⌥⌥ ⌥⇧

⌥⌥u�k
⌃

= sin (⇤/2)2 (2)

and

A⇤ = (3)
⌥⌥u+

k

⌃
=

�
cos(⇤/2)e�i⇧

sin(⇤/2)

 
(4)

⌥⌥u�k
⌃

=

�
sin(⇤/2)e�i⇧

� cos(⇤/2)

 
(5)

(6)

E± = ± |d| (7)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (8)

H(k) = d(k) · � =

�
dz dx � idy

dx + idy �dz

 
(9)

and

⌅ 2 (10)

k
⇤
g |u(k)⇧

⌥⌥ g ⇤ U(1)
⌅

(11)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

↵
|q⇥|� 2E/�t (12)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (13)

some more

kx kz (14)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (15)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌦

d2k⇥
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(16)

qx qy (17)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (18)

If          depends on parameters    :
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Berry curvature

d(k) (1)

F⇤⇧ = ⌥⇤A⇧ � ⌥⇧A⇤ =
sin ⇤

2
(2)

Berry vector potential

A⇤ = i
⇧
u�k
⌥⌥ ⌥⇤

⌥⌥u�k
⌃

= 0 (3)

A⇧ = i
⇧
u�k
⌥⌥ ⌥⇧

⌥⌥u�k
⌃

= sin2 (⇤/2) (4)

and

A⇤ = (5)
⌥⌥u+

k

⌃
=

�
cos(⇤/2)e�i⇧

sin(⇤/2)

 
(6)

⌥⌥u�k
⌃

=

�
sin(⇤/2)e�i⇧

� cos(⇤/2)

 
(7)

(8)

E± = ± |d| (9)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (10)

H(k) = d(k) · � =

�
dz dx � idy

dx + idy �dz

 
(11)

and

⌅ 2 (12)

k
⇤
g |u(k)⇧

⌥⌥ g ⇤ U(1)
⌅

(13)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

↵
|q⇥|� 2E/�t (14)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (15)

some more

kx kz (16)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (17)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌦

d2k⇥
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(18)

qx qy (19)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (20)
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Berry curvature

k d(k) (1)

F⇤⇧ = ⌥⇤A⇧ � ⌥⇧A⇤ =
sin ⇤

2
(2)

Berry vector potential

A⇤ = i
⇧
u�k
⌥⌥ ⌥⇤

⌥⌥u�k
⌃

= 0 (3)

A⇧ = i
⇧
u�k
⌥⌥ ⌥⇧

⌥⌥u�k
⌃

= sin2 (⇤/2) (4)

and

A⇤ = (5)
⌥⌥u+

k

⌃
=

�
cos(⇤/2)e�i⇧

sin(⇤/2)

 
(6)

⌥⌥u�k
⌃

=

�
sin(⇤/2)e�i⇧

� cos(⇤/2)

 
(7)

(8)

E± = ± |d| (9)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (10)

H(k) = d(k) · � =

�
dz dx � idy

dx + idy �dz

 
(11)

and

⌅ 2 (12)

k
⇤
g |u(k)⇧

⌥⌥ g ⇤ U(1)
⌅

(13)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

↵
|q⇥|� 2E/�t (14)

and this

gk = kzẑ

+(kx + ky)(x̂ + ŷ) (15)

some more

kx kz (16)

k q = 2k A(E,k) ⇥⇧00
s ⇥⇧ij

s i, j ⇤ {1, 2, 3} (17)

⇥⇧�⇥
s (E,q) = � 1

⌅
⌅
⌦

d2k⇥
(2⌅)2

Tr⌅

�
S�G(0)(E,k + q)V ⇥G0(E,k)

⇥
11

(18)

qx qy (19)

⇥⇧0⇥
s ⇥⇧i⇥

s , i ⇤ {1, 2, 3} � = 0 � ⇤ {1, 2, 3} (20)

Jacobian matrix
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Simple example

d(k) = k (1)

�C =

�

S

F · dk (2)

Berry curvature

Fki,kj =
sin ⇤

2

⌥(⇤,⌃)

⌥(ki, kj)
(3)

k d(k) (4)

F�⇥ = ⌥�A⇥ � ⌥⇥A� =
sin ⇤

2
(5)

Berry vector potential

A� = i
⇤
u�k
⇧⇧ ⌥�

⇧⇧u�k
⌅

= 0 (6)

A⇥ = i
⇤
u�k
⇧⇧ ⌥⇥

⇧⇧u�k
⌅

= sin2 (⇤/2) (7)

and

A� = (8)
⇧⇧u+

k

⌅
=

⌃
cos(⇤/2)e�i⇥

sin(⇤/2)

⌥
(9)

⇧⇧u�k
⌅

=

⌃
sin(⇤/2)e�i⇥

� cos(⇤/2)

⌥
(10)

(11)

E± = ± |d| (12)

and this

d(k) = |d|(sin ⇤ cos ⌃, sin ⇤ sin ⌃, cos ⇤) (13)

H(k) = d(k) · � =

⌃
dz dx � idy

dx + idy �dz

⌥
(14)

and

⌅ 2 (15)

k
�
g |u(k)⌅

⇧⇧ g ⇤ U(1)
⇥

(16)

⇥⇧22
s (E = 0.6)

⇥⇧ij
s ⇥ 1/

 
|q⇥|� 2E/�t (17)
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and

2γC = Solid angle swept out by d̂(k) (1)

H(k) = d(k) · σ d̂ (2)

n =
i

2π

∑

∫

Fd2k (3)

|u(k)⟩ → eiφk |u(k)⟩ (4)

A → A + ∇kφk (5)

F = ∇k ×A (6)

γC =

∮

C

A · dk (7)

γC =

∫

S

Fd2k (8)

=⇒ (9)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (10)

(11)

H(k) = e−ikrHe+ikr (12)

(13)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (14)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (15)

majoranas

γ1 = ψ + ψ† (16)

γ2 = −i
(

ψ − ψ†
)

(17)

and

ψ = γ1 + iγ2 (18)

ψ† = γ1 − iγ2 (19)

and

γ2
i = 1 (20)

{γi, γj} = 2δij (21)
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and

2γC = solid angle swept out by d̂(k) (1)

H(k) = d(k) · σ d̂ (2)

n =
i

2π

∑

∫

Fd2k (3)

|u(k)⟩ → eiφk |u(k)⟩ (4)

A → A + ∇kφk (5)

F = ∇k ×A (6)

γC =

∮

C

A · dk (7)

γC =

∫

S

Fd2k (8)

=⇒ (9)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (10)

(11)

H(k) = e−ikrHe+ikr (12)

(13)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (14)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (15)

majoranas

γ1 = ψ + ψ† (16)

γ2 = −i
(

ψ − ψ†
)

(17)

and

ψ = γ1 + iγ2 (18)

ψ† = γ1 − iγ2 (19)

and

γ2
i = 1 (20)

{γi, γj} = 2δij (21)
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and

2γC = solid angle swept out by d̂(k) (1)

H(k) = d(k) · σ d̂ (2)

n =
i

2π

∑

∫

Fd2k (3)

|u(k)⟩ → eiφk |u(k)⟩ (4)

A → A + ∇kφk (5)

F = ∇k ×A (6)

γC =

∮

C

A · dk (7)

γC =

∫

S

Fd2k (8)

=⇒ (9)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (10)

(11)

H(k) = e−ikrHe+ikr (12)

(13)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (14)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (15)

majoranas

γ1 = ψ + ψ† (16)

γ2 = −i
(

ψ − ψ†
)

(17)

and

ψ = γ1 + iγ2 (18)

ψ† = γ1 − iγ2 (19)

and

γ2
i = 1 (20)

{γi, γj} = 2δij (21)

(monopole field)
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Simple example

�C =

⌃

S

F�⌅ d⇤d⌅ = (1)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (2)

F = ⇤k ⇥A (3)

d(k) = k (4)

�C =

⌃

S

F · dk (5)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (6)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(7)

k d(k) (8)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(9)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (10)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (11)

and

A� = (12)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(13)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(14)

(15)

E± = ± |d| (16)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (17)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(18)
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and

2γC = solid angle swept out by d̂(k) (1)

H(k) = d(k) · σ d̂ (2)

n =
i

2π

∑

∫

Fd2k (3)

|u(k)⟩ → eiφk |u(k)⟩ (4)

A → A + ∇kφk (5)

F = ∇k ×A (6)

γC =

∮

C

A · dk (7)

γC =

∫

S

Fd2k (8)

=⇒ (9)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (10)

(11)

H(k) = e−ikrHe+ikr (12)

(13)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (14)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (15)

majoranas

γ1 = ψ + ψ† (16)

γ2 = −i
(

ψ − ψ†
)

(17)

and

ψ = γ1 + iγ2 (18)

ψ† = γ1 − iγ2 (19)

and

γ2
i = 1 (20)

{γi, γj} = 2δij (21)
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and

2γC = solid angle swept out by d̂(k) (1)

H(k) = d(k) · σ d̂ (2)

n =
i

2π

∑

∫

Fd2k (3)

|u(k)⟩ → eiφk |u(k)⟩ (4)

A → A + ∇kφk (5)

F = ∇k ×A (6)

γC =

∮

C

A · dk (7)

γC =

∫

S

Fd2k (8)

=⇒ (9)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (10)

(11)

H(k) = e−ikrHe+ikr (12)

(13)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (14)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (15)

majoranas

γ1 = ψ + ψ† (16)

γ2 = −i
(

ψ − ψ†
)

(17)

and

ψ = γ1 + iγ2 (18)

ψ† = γ1 − iγ2 (19)

and

γ2
i = 1 (20)

{γi, γj} = 2δij (21)

( )1

2

Festk

¨

orperphysik II, Musterl

¨

osung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

Simple example

F =
1

2

k̂

k2
(1)

�C =

⌃

S

F�⌅ d⇤d⌅ = (2)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (3)

F = ⇤k ⇥A (4)

d(k) = k (5)

�C =

⌃

S

F · dk (6)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (7)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(8)

k d(k) (9)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(10)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (11)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (12)

and

A� = (13)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(14)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(15)

(16)

E± = ± |d| (17)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (18)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(19)
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Simple example

F =
1

2

k̂

k2
(1)

�C =

⌃

S

F�⌅ d⇤d⌅ = (2)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (3)

F = ⇤k ⇥A (4)

d(k) = k (5)

�C =

⌃

S

F · dk (6)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (7)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(8)

k d(k) (9)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(10)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (11)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (12)

and

A� = (13)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(14)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(15)

(16)

E± = ± |d| (17)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (18)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(19)



Polyacetylene (Su-Schrieffer-Heeger model)

Su-Schrieffer-Heeger model !
describes polyacetylene 
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Simple example

[C2H2]n (1)

F =
1

2

k̂

k2
(2)

�C =

⌃

S

F�⌅ d⇤d⌅ = (3)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (4)

F = ⇤k ⇥A (5)

d(k) = k (6)

�C =

⌃

S

F · dk (7)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (8)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(9)

k d(k) (10)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(11)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (12)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (13)

and

A� = (14)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(15)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(16)

(17)

E± = ± |d| (18)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (19)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(20)

Hamiltonian: 

two degenerate ground states:!

H =
X

i

h
(t+ �t)c†AicBi + (t� �t)c†Ai+1cBi + h.c.

i

Su Schrieffer Heeger Model model for polyacetalene
simplest “two band” model

† †
1( ) ( ) . .Ai Bi Ai Bi

i

H t t c c t t c c h c� � �� � � � �


( ) ( )H k k �� 	d
�

( ) ( ) ( ) cos

( ) ( )sin

( ) 0

x

y

z

d k t t t t ka

d k t t ka

d k

� �
�

� � � �
� �

�

0t� �

0t� �

a

d(k)

d(k)

dx

dy

dx

dy

E(k)

k

�/a��/a

Provided symmetry requires dz(k)=0, the states with �t>0 and �t<0 are topologically distinct.
Without the extra symmetry, all 1D band structures are topologically equivalent.

A,i
B,i

�t>0 :  Berry phase 0

P = 0

�t<0 :  Berry phase �
P = e/2

Gap 4|�t|

Peierl’s instability ���t

A,i+1

phonons lead to Peierls instability             finite 

!

�t

in momentum space:

Sublattice symmetry: 

Energy spectrum:

d
x

(k) = (t+ �t) + (t� �t) cos k
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Simple example Polyacethylene:

H(k) = d(k) · � =

⌅
0 h(k)

h†(k) 0

⇧
(1)

and

[C2H2]n (2)

F =
1

2

k̂

k2
(3)

�C =

⌃

S

F�⌅ d⇤d⌅ = (4)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (5)

F = ⇤k ⇥A (6)

d(k) = k (7)

�C =

⌃

S

F · dk (8)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (9)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(10)

k d(k) (11)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(12)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (13)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (14)

and

A� = (15)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(16)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(17)

(18)

E± = ± |d| (19)

dy(k) = (t� �t) sin k dz(k) = 0
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)

En
er

gy

Momentum
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homotopy

ν = # kx (1)

∆±
k

= ∆s ± ∆t |dk| (2)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (3)

and

π3[U(2)] = q(k) :∈ U(2) (4)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (5)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (6)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(7)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(8)

+ λ cos ky

(

c†nky↓cnky↑ + c†nky↑cnky↓

)

(9)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (10)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (11)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(12)

a (13)

ξ±
k

= εk ± α |gk|(14)

Gap

E± = ±|d| = ±
⇥
2

p
t2 + (�t)2 + [t2 � (�t)2] cos k

(energy spectrum is symmetric)

�!

dz = 0�zH(k) +H(k)�z = 0

[Su, Schreiffer, Heeger 79]



Polyacetylene (Su-Schrieffer-Heeger model)

Su-Schrieffer-Heeger model describes polyacetylene 
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Simple example

[C2H2]n (1)

F =
1

2

k̂

k2
(2)

�C =

⌃

S

F�⌅ d⇤d⌅ = (3)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (4)

F = ⇤k ⇥A (5)

d(k) = k (6)

�C =

⌃

S

F · dk (7)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (8)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(9)

k d(k) (10)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(11)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (12)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (13)

and

A� = (14)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(15)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(16)

(17)

E± = ± |d| (18)

and this

d(k) = |d|(sin ⇤ cos ⌅, sin ⇤ sin ⌅, cos ⇤) (19)

H(k) = d(k) · � =

⌅
dz dx � idy

dx + idy �dz

⇧
(20)

Su Schrieffer Heeger Model model for polyacetalene
simplest “two band” model

† †
1( ) ( ) . .Ai Bi Ai Bi

i

H t t c c t t c c h c� � �� � � � �


( ) ( )H k k �� 	d
�

( ) ( ) ( ) cos

( ) ( )sin

( ) 0

x

y

z

d k t t t t ka

d k t t ka

d k

� �
�

� � � �
� �

�

0t� �

0t� �

a

d(k)

d(k)

dx

dy

dx

dy

E(k)

k

�/a��/a

Provided symmetry requires dz(k)=0, the states with �t>0 and �t<0 are topologically distinct.
Without the extra symmetry, all 1D band structures are topologically equivalent.

A,i
B,i

�t>0 :  Berry phase 0

P = 0

�t<0 :  Berry phase �
P = e/2

Gap 4|�t|

Peierl’s instability ���t

A,i+1
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Simple example Polyacethylene:

H(k) = d(k) · � =

⌅
0 h(k)

h†(k) 0

⇧
(1)

and

[C2H2]n (2)

F =
1

2

k̂

k2
(3)

�C =

⌃

S

F�⌅ d⇤d⌅ = (4)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (5)

F = ⇤k ⇥A (6)

d(k) = k (7)

�C =

⌃

S

F · dk (8)

Berry curvature tensor

Fµ⇥(k) =
⇧

⇧kµ
A⇥(k)� ⇧

⇧k⇥
Aµ(k) (9)

Berry curvature

Fki,kj =
sin ⇤

2

⇧(⇤,⌅)

⇧(ki, kj)
(10)

k d(k) (11)

F�⌅ = ⇧�A⌅ � ⇧⌅A� =
sin ⇤

2
(12)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⇧�

⇤⇤u�k
⇥

= 0 (13)

A⌅ = i
�
u�k

⇤⇤ ⇧⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (14)

and

A� = (15)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(16)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(17)

(18)

E± = ± |d| (19)

d
x

(k) = (t+ �t) + (t� �t) cos k

dy(k) = (t� �t) sin k dz(k) = 0
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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Momentum
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homotopy

ν = # kx (1)

∆±
k

= ∆s ± ∆t |dk| (2)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (3)

and

π3[U(2)] = q(k) :∈ U(2) (4)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (5)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (6)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(7)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(8)

+ λ cos ky

(

c†nky↓cnky↑ + c†nky↑cnky↓

)

(9)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (10)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (11)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(12)

a (13)

ξ±
k

= εk ± α |gk|(14)

Gap
E± = ±|d|

Provided                 (required by sublattice symmetry) states !
with               and               are topologically distinct

dz = 0
�t > 0 �t < 0

d
x

dy
d(k)

�t > 0 :
Berry phase 0

d
x

dy

d(k)
�t < 0 :

Berry phase ⇡

⌫1 = 0

⌫1 = 1

�1 =
i

2⇥

Z
dk

⇥
q�1⇤kq

⇤
Winding no:

q(k) =
h(k)

|d(k)| q(k) : S1 �! S1
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1. f-Summenregel

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(1)

and

NS2 =
1

2π

∫

S2

d2k Tr [F ] F = ∇×A (2)

Time-reversal symmetry:

UTH∗(k)U †
T = +H(−k), UT = σ0 (3)

Particle-hole symmetry: S = TC = σ2

UCH∗(k)U †
C = −H(−k), UC = iσ2 (4)

basis in which S the H(k) Off-diagonal form

H̃(k) =

(

0 εk − i∆k

εk + i∆k 0

)

(5)

qk is

q(k) : S1 −→ S1 π1(S
1) = (6)

Hint
ωres

Tc
(x) =? = 5.4

ty > tx

qy = π

ω > ωres

ω = 40 meV

Energy [meV]
new



Domain Wall States in Polyacetylene

Domain wall between different topological states 
has topologically protected zero-energy modes 

Effective low-energy continuum theory: (expand around                   )

Domain Wall States
An interface between different topological states has topologically protected midgap states

Low energy continuum theory :
For small �t focus on low energy states with k~�/a xk q q i

a

�

 � 
 � �  ;   

( )vF x x yH i m x� �� � � �

0t� � 0t� �

Massive 1+1 D Dirac Hamiltonian

“Chiral” Symmetry :

2v   ;  F ta m t�� �

{ , } 0    z z E EH� � 	 	�� 
 �

0

( ') '/ v

0

1
( )

0

x

Fm x dx

x e	
�� 
 �

� � �
� �

Egap=2|m|
Domain wall

bound state 	0

m>0

m<0

2 2( ) ( )vFE q q m� � �

Zero mode : topologically protected eigenstate at E=0
(Jackiw and Rebbi 76, Su Schrieffer, Heeger 79)

Any eigenstate at +E 
has a partner at -E

zero-energy state !
at domain wall

Sublattice symmetry (“chiral symmetry”):

k0 = � k ! �i�
x

m(x) = 2�t

Dirac Hamiltonian with a mass:

[Su, Schreiffer, Heeger 79]

E(q) = ±
p

q2 +m2

{�z, H} = 0 �⇥ �z | E⇤ = | �E⇤
Consider domain wall:

m > 0

m < 0

zero-energy state !
at domain wall

[Jackiw, Rebbi]

Ansatz for boundstate:

Bulk-boundary correspondence: �⌫ = |⌫R � ⌫L| = #zero modes (topological invariant 
characterizing domain wall)

⌫ = 1⌫ = 0

⇥0 = �e�
R

x

0 m(x0)dx0

H(x) = �i�
y

@
x

+m(x)�
x

H 0 = 0 ) � =

✓
1
0

◆



Edge states

• There is a gapless chiral edge mode along the sample
boundary.

B

r

x
k

E

!!"

Number of edge modes C
he

xy
=

!
=

/
2

"

Effective field theory

( ) ( ) zyyxx ymivH !!! +"+"#=

( )ym

y

domain wall fermion

Robust against disorder (chiral fermions cannot be backscattered)

First example of 2D topological material
- 2D electron gas in large magnetic field, at low T

- There is an energy gap, but it is not an insulator

2D cyclotron motion !
Landau levels

 Quantized Hall conductivity:
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1 frist chapter

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (1)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (2)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (3)

Θ2 Ξ2 Π2 (4)

Interaction Hamiltonian

Sint =
g2
ph

2

∫

dx dx′ρ(x)D(x − x′)ρ(x′)

+
g2
sf

2

∫

dx dx′si(x)Dij(x − x′)sj(x
′) (5)

1. f-Summenregel

Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump
pulse, it shows instead an upward bend because of the full effectiveness of the two-photon
processes. At higher, but still not so large, integrated intensity, the single-phonon proces-
ses dominate and the curves corresponding to pulses shorter than τl exhibit a downward

[von Klitzing ‘80]

The Integer Quantum Hall State
Integer Quantum Hall State: 
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1 frist chapter

H(k, k′)

kF > 1/ξ0

sgn(∆+
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∫
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1. f-Summenregel

Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump
pulse, it shows instead an upward bend because of the full effectiveness of the two-photon
processes. At higher, but still not so large, integrated intensity, the single-phonon proces-
ses dominate and the curves corresponding to pulses shorter than τl exhibit a downward
bend, while those with longer pulse widths an upward one. The curve with τp = τl lies in
between these two regimes and marks the reach of full effectiveness of the single-photon
processes. At relatively high integrated intensity, all downward bending curves (τp ≤ τl)
show a more or less sharp upward bend before reaching zero. Instead, upward bending
curves (τp > τl) tend to flatten before reaching zero and to saturate for pulse widths
larger than 4τl with increasing A2

0τp. This occurs because long pump pulses create sharp

En
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gy
- Plateaus in resistivity

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich
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In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2
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The Integer Quantum Hall State

— chiral edge state cannot be localized by disorder (no backscattering)

— charge cannot flow in bulk; only along 1D channels at edges (chiral edge states)

Edge states

• There is a gapless chiral edge mode along the sample
boundary.
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Effective field theory
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domain wall fermion

Robust against disorder (chiral fermions cannot be backscattered)

IQHE has an energy gap in the bulk:

Explanation One:

Explanation Two:

Edge state transport

Topological band theory
Distinction between the integer quantum Hall state and a conventional insulator 
is a topological property of the band structure
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1 frist chapter

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (1)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (2)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (3)

Θ2 Ξ2 Π2 (4)

Interaction Hamiltonian

Sint =
g2
ph

2

∫

dx dx′ρ(x)D(x − x′)ρ(x′)

+
g2
sf

2

∫

dx dx′si(x)Dij(x − x′)sj(x
′) (5)

1. f-Summenregel

Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump

Hamiltonians with energy gap

What causes the precise quantization in IQHE?

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Classified by Chern number:  (= topological invariant)

[Thouless et al, 84]
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Interaction Hamiltonian
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+
g2
sf
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∫

dx dx′si(x)Dij(x − x′)sj(x
′) (5)

1. f-Summenregel

Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump
pulse, it shows instead an upward bend because of the full effectiveness of the two-photon
processes. At higher, but still not so large, integrated intensity, the single-phonon proces-
ses dominate and the curves corresponding to pulses shorter than τl exhibit a downward

does not change under smooth deformations, as long as bulk energy gap is not closed
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Chern number

n =
i

2π

∫

F dk filled states (1)

Gauss:
∫

S

κ dA = 4π(1 − g) (2)

Thermal Halll

κxy

T
=

π2k2
B

6h
n (3)

start labels

4s 3p 3s Egap − π/a + π/a (4)

end labels

H(k) (5)

and

W (k∥) = (6)

HBdG =

⎛

⎜

⎜

⎝

εk − gz
k

+∆s,k + ∆t,k ε∗⊥k
0

+∆s,k + ∆t,k −εk + gz
k

0 −ε∗⊥k

ε⊥k
0 εk + gz

k
−∆s,k + ∆t,k

0 −ε⊥k
−∆s,k + ∆t,k −εk − gz

k

⎞

⎟

⎟

⎠

, (7)

and

λL ≫ ξ0 ξ0 = !vF /(π∆0) (8)

(9)

λL > L ≫ ξ0 (10)

charge current operator

jy(x) =
iekF /β

2π!

√

λ̃2 + 1

∑

iωn,ν

+π/2
∫

−π/2

dθν sin θν ×

{

E

Ων
uνvν

(

ahe
ν,ν + aeh

ν,ν

)

e−2iqνx

}∣

∣

∣

∣

E→iωn

,

jl,y = +
e

!
t
∑

ky ,σ

sin ky c†lkyσclkyσ −
e

!
α

∑

ky

cos ky

(

c†lky↓clky↑ + c†lky↑clky↓

)

(10)

(11)
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and

n =
i

2π

∑

∫

Fd2k (1)

|u(k)⟩ → eiφk |u(k)⟩ (2)

A → A + ∇kφk (3)

F = ∇k ×A (4)

γC =

∮

C

A · dk (5)

γC =

∫

S

Fd2k (6)

=⇒ (7)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (8)

(9)

H(k) = e−ikrHe+ikr (10)

(11)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (12)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (13)

majoranas

γ1 = ψ + ψ† (14)

γ2 = −i
(

ψ − ψ†
)

(15)

and

ψ = γ1 + iγ2 (16)

ψ† = γ1 − iγ2 (17)

and

γ2
i = 1 (18)

{γi, γj} = 2δij (19)

— edge states are perfect charge conductor!

⇥
xy

=
e2

h

i

2�

XZ
Fd2k
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Kubo formula: 



Follows from the quantization of the topological invariant.

Zero-energy states must exist at the interface 
between two different topological phases 

Bulk-boundary correspondence

smooth transition

n=1 n=0

x

y

Zero-energy state at interface

Bulk-boundary correspondence: 
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and

n =
i

2π

∑

∫

Fd2k (1)

|u(k)⟩ → eiφk |u(k)⟩ (2)

A → A + ∇kφk (3)

F = ∇k ×A (4)

γC =

∮

C

A · dk (5)

γC =

∫

S

Fd2k (6)

=⇒ (7)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (8)

(9)

H(k) = e−ikrHe+ikr (10)

(11)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (12)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (13)

majoranas

γ1 = ψ + ψ† (14)

γ2 = −i
(

ψ − ψ†
)

(15)

and

ψ = γ1 + iγ2 (16)

ψ† = γ1 − iγ2 (17)

and

γ2
i = 1 (18)

{γi, γj} = 2δij (19)
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1 frist chapter

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (1)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (2)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (3)

Θ2 Ξ2 Π2 (4)

Interaction Hamiltonian

Sint =
g2
ph

2

∫

dx dx′ρ(x)D(x − x′)ρ(x′)

+
g2
sf

2

∫

dx dx′si(x)Dij(x − x′)sj(x
′) (5)

1. f-Summenregel

Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump
pulse, it shows instead an upward bend because of the full effectiveness of the two-photon
processes. At higher, but still not so large, integrated intensity, the single-phonon proces-
ses dominate and the curves corresponding to pulses shorter than τl exhibit a downward

topological invariant

Stable gapless edge states:

= number or edge modes

IQHE: chiral Dirac Fermion

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

and

E0 ky (1)

2γC = solid angle swept out by d̂(k) (2)

H(k) = d(k) · σ d̂ (3)

n =
i

2π

∑

∫

Fd2k (4)

|u(k)⟩ → eiφk |u(k)⟩ (5)

A → A + ∇kφk (6)

F = ∇k ×A (7)

γC =

∮

C

A · dk (8)

γC =

∫

S

Fd2k (9)

=⇒ (10)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (11)

(12)

H(k) = e−ikrHe+ikr (13)

(14)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (15)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (16)

majoranas

γ1 = ψ + ψ† (17)

γ2 = −i
(

ψ − ψ†
)

(18)

and

ψ = γ1 + iγ2 (19)

ψ† = γ1 − iγ2 (20)

and

γ2
i = 1 (21)

{γi, γj} = 2δij (22)
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• robust to smooth deformations !
  (respect symmetries of the system)!!
• insensitive to disorder, impossible to localize!!
• cannot exist in a purely 1D system !
  (Fermion doubling theorem)

�n = |nL � nR|



Chern insulator on square lattice

[D. Haldane PRL ’88]

Chern insulator = “integer quantum Hall state on a lattice”
(similar to Haldane honeycomb model                                    )

[Bernevig, Hughes, Zhang]

Chern insulator on square lattice:

d
x

(k) = sin k
x

dy(k) = sin ky d
z

(k) = (2 +M � cos k
x

� cos k
y

)

(two orbital model: s and p. !
Inter-orbital coupling !

+ intra-orbital dispersion)                                  

Chern number:!
(winding no)

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)
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Chern number g = 0, g = 1

n =
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First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :
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n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Mapping 

Spectrum flattening:

(breaks time-reversal symmetry)

n =
1

8⇥

Z

BZ
d2k �µ� d̂ ·

h
⇤kµ d̂� ⇤k� d̂

i

E± = ± |d(k)| d̂(k) =
d(k)

|d(k)|

�4 < M < �2

n = +1

M > 0 and

M < �4

n = 0

no edge state

trivial phase 

dy
d
x

dz

�2 < M < 0

n = �1

chiral edge state

non-trivial phase 
dz

d
x

dy
chiral edge state

non-trivial phase 
dz

d
x

dy

d̂(k) : d̂(k) 2 S2

Festk
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energy spectrum Simple example Polyacethylene:

“⌅2(S
2) = ” H(k) = d(k) · � =

⌅
0 h(k)

h†(k) 0

⇧
(1)

and

[C2H2]n (2)

F =
1

2

k̂

k2
(3)

�C =

⌃

S

F�⌅ d⇤d⇧ = (4)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (5)

F = ⇤k ⇥A (6)

d(k) = k (7)

�C =

⌃

S

F · dk (8)

Berry curvature tensor

Fµ⇥(k) =
⌃

⌃kµ
A⇥(k)� ⌃

⌃k⇥
Aµ(k) (9)

Berry curvature

Fki,kj =
sin ⇤

2

⌃(⇤,⇧)

⌃(ki, kj)
(10)

k d(k) (11)

F�⌅ = ⌃�A⌅ � ⌃⌅A� =
sin ⇤

2
(12)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⌃�

⇤⇤u�k
⇥

= 0 (13)

A⌅ = i
�
u�k

⇤⇤ ⌃⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (14)

and

A� = (15)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(16)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(17)

(18)

E± = ± |d| (19)

quantized Hall effect �
xy

=
e2

h
n

HCI = d(k) · ~� + ✏0(k)�0



Chern insulator on square lattice

Chern insulator on square lattice:

d
x

(k) = sin k
x

dy(k) = sin ky d
z

(k) = (2 +M � cos k
x

� cos k
y

)

Effective low-energy continuum theory for M=0: (expand around             ;         term can be neglected)k = 0

E± = ±� = ±
p
k2 +M2two eigenfunctions with energies: 

��u+
k

↵
=

1p
2�(��M)

✓
k
x

� ik
y

��M

◆ ��u�
k

↵
=

1p
2�(�+M)

✓
�k

x

+ ik
y

�+M

◆

Berry curvature: 
zero-energy state !

at boundary

F
xy

= ⇥
k

x

A
k

y

� ⇥
k

y

A
k

x

= +
M

2�3

gives nonzero Chern number !
(= Hall conductance        )�

xy

n =
1

2�

Z
d2k F

xy

=
1

2
sgn(M)

NB: Chern number must be integer for integrals over compact manifolds. !
Proper regularization of Dirac Hamiltonian will lead to

Chiral edge state at boundary between 
two Chern insulators with different n

n = 0 n = 1

�0 =
1p
2

✓
1
�1

◆
eiky

ye�
R

x

0 M(x0)dx0

HCI = k
x

�
x

+ k
y

�
y

+M�
z

HCI = d(k) · ~� + ✏0(k)�0

�0

n 2 Z


