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3rd lecture

2. Periodic table of topological insulators and superconductors!
- Ten-fold way: Symmetry classes!
- Topological classification of non-interacting fermionic systems!
- Bott periodicity

1. Topological superconductors w/ TRS!
- Two-dimensional helical superconductor!
- Three-dimensional TRI topological superconductor!
- Non-centrosymmetric superconductors!
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edge band structure !
of chiral p-wave SC

Majorana state

Lattice BdG model:
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Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (1)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (2)

mx my mz (3)

homotopy

n = # kx (4)

∆±
k

= ∆s ± ∆t |dk| (5)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (6)

and

π3[U(2)] = q(k) :∈ U(2) (7)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (8)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (9)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(10)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(11)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(12)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (13)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Two-dimensional spinless chiral p-wave SC 

  classified by !
Chern number:!
(winding number)

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
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2π

∫

Fdk2 (2)

γC =
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C

A · dk (3)

First Chern number n = 0
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dk2
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H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Mapping 
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The contribution j(1)
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corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions
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We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.
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m(k)
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Spectrum flattening:
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The contribution j(1)
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and time-reversal symmetry

E = ± |m(k)| (1)

⇤ ⇥i (2)

k = �1 k = �2 (3)

⇥ = e+i�Sy/~K ⇥2 = �1 2e2/h ⇤i ⇤1 ⇤2 ⇤3 ⇤4 (4)

E0 ky (5)

2�C = solid angle swept out by d̂(k) (6)

H(k) = d(k) · � d̂ (7)

n =
i

2⇤

⌅ ⇧
Fd2k (8)

|u(k)⌃ ⇤ ei⇥k |u(k)⌃ (9)

A⇤ A+⌥k⌅k (10)

F = ⌥k ⇥A (11)

�C =

⇤

C

A · dk (12)

�C =

⇧

S

Fd2k (13)

=⌅ (14)

Bloch theorem

[T (R), H] = 0 k |⇧n⌃ = eikr |un(k)⌃ (15)

(16)

H(k) = e�ikrHe+ikr (17)

(18)

H(k) |un(k)⌃ = En(k) |un(k)⌃ (19)

we have

H(k) kx ky ⇤/a � ⇤/a k ⇧ Brillouin Zone (20)

majoranas

�1 = ⇧ + ⇧† (21)

�2 = �i
�
⇧ � ⇧†⇥ (22)

and

⇧ = �1 + i�2 (23)

⇧† = �1 � i�2 (24)
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Lattice BdG Hamiltonian
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weak vs strong

|µ| > 4t (1)

n = 0 (2)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (3)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (4)

mx my mz (5)

homotopy

n = # kx (6)

∆±
k

= ∆s ± ∆t |dk| (7)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (8)

and

π3[U(2)] = q(k) :∈ U(2) (9)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (10)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (11)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(12)

and

jn,ky = −t sin ky

(

c†nky↑cnky↑ + c†nky↓cnky↓

)

(13)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(14)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (15)
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weak vs strong

|µ| < 4t (1)

n = 1 (2)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (3)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (4)

mx my mz (5)

homotopy

n = # kx (6)

∆±
k

= ∆s ± ∆t |dk| (7)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (8)

and

π3[U(2)] = q(k) :∈ U(2) (9)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (10)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (11)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(12)

and

jn,ky = −t sin ky

(

c†nky↑cnky↑ + c†nky↓cnky↓

)

(13)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(14)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (15)

no edge state chiral Majorana edge state

trivial phase non-trivial phase 
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energy spectrum Simple example Polyacethylene:

“⌅2(S
2) = ” H(k) = d(k) · � =

⌅
0 h(k)

h†(k) 0

⇧
(1)

and

[C2H2]n (2)

F =
1

2

k̂

k2
(3)

�C =

⌃

S

F�⌅ d⇤d⇧ = (4)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (5)

F = ⇤k ⇥A (6)

d(k) = k (7)

�C =

⌃

S

F · dk (8)

Berry curvature tensor

Fµ⇥(k) =
⌃

⌃kµ
A⇥(k)� ⌃

⌃k⇥
Aµ(k) (9)

Berry curvature

Fki,kj =
sin ⇤

2

⌃(⇤,⇧)

⌃(ki, kj)
(10)

k d(k) (11)

F�⌅ = ⌃�A⌅ � ⌃⌅A� =
sin ⇤

2
(12)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⌃�

⇤⇤u�k
⇥

= 0 (13)

A⌅ = i
�
u�k

⇤⇤ ⌃⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (14)

and

A� = (15)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(16)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(17)

(18)

E± = ± |d| (19)

(similar to Chern insulator, but different symmetries,!
different physical interpretation)

Particle-hole symmetry: ⌧
x

H⇤
BdG(k)⌧x = �HBdG(�k)

E

k



Time-reversal-invariant topological superconductor

Superconducting pairing with spin: Cooper pair

HMF =
X

k�

�kc
†
k�ck� +

X

k��0

h
���0(k)c†k,�c

†
�k,�0 +�⇥

��0(k)c�k,�0ck,�

i

2 x 2 Gap matrix: �(k) = [�s(k)�0 + d(k) · ⇥�]i�y

Different spin-pairing symmetries: (anti-symmetry of wavefunction)

spin-singlet: �s(k) :
1⇧
2
(| ⇥⇤⌅ � | ⇤⇥⌅)

spin-triplet:  

even parity: �s(k) = �s(�k)

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k

1( ) ( ) 12 ;   H H�� � � � � � � �k k

1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

dz(k) :
1⌅
2
(| �⇥⇤+ | ⇥�⇤)

d
x

(k) + id
y

(k) : | ��⇥

d
x

(k)� id
y

(k) : | ⇥⇥⇤

odd parity: d(k) = �d(�k)

Time-reversal symmetry: �y�
†(k)�y = �T(�k)
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2D time-reversal-invariant topological superconductor

Square lattice BdG Hamiltonian in the presence of time-reversal symmetry:

Simplest model:!
(spinless chiral p-wave SC)2

HBdG(k) =

✓
⇥(k)�0 �t[d(k) · ⇤�](i�y)

�t(�i�y)[d(k) · ⇤�] �⇥(k)�0

◆

dz(k) = 0�(k) = 2t(cos k
x

+ cos k
y

)� µ d
x

(k) = sin k
x

dy(k) = sin ky
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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1 frist chapter

BdG Hamiltonian

H =
1

2

∑

k

(

c† c
)

HBdG

(

c
c†

)

, HBdG =

(

h0 ∆
∆† −hT

0

)

(1)

and

Ξϕ = τxϕ
∗ (2)

ν =
1

2π

[
∮

∂(EBZ)

dk · A−
∫

EBZ

d2kF
]

mod 2 (3)

tages

ΞHBdG(k) Ξ−1 = −HBdG(−k) "−→ (4)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (5)

γC =

∮

C

A · dk (6)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(7)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )
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mean field

Ξ ψ+k,+E = τxψ
∗
−k,−E (1)

Ξ2 = +1 Ξ = τxK (2)

τx =

(

0 1
1 0

)

(3)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (4)

weak vs strong

|µ| < 4t (5)

n = 1 (6)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (7)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (8)

mx my mz (9)

homotopy

n = # kx (10)

∆±
k

= ∆s ± ∆t |dk| (11)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (12)

and

π3[U(2)] = q(k) :∈ U(2) (13)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (14)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (15)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(16)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(17)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(18)

TRS:

PHS: � = �0 � ⌧
x

K

� = i�y � ⇥0K�HBdG(k)�
�1 = +HBdG(�k)

(chiral symmetry)

 Combination of time-reversal and particle-hole symmetry:

             can be brought into block-off diagonal form: 
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Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (1)

∆(k) = (∆sσ0 + dk · σ) iσy (2)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ

Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(3)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(4)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(5)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (6)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (7)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(8)

a (9)

ξ±
k

= εk ± α |gk|(10)

and

f(k) = 1 (11)

B

n ∈ (12)

f(k) = 1 (13)

Wk∥
=

1

2πi

∫

dk⊥Tr
[

q−1∂k⊥
q
]

= ±1 (14)

D(k) = (i�y) {⇥k�0 + i�t[dk · ⇤�]}

 TRS acts on           as follows: 

(transform to basis in which S is diagonal)

U
S

= (i�
y

⌦ ⇥0)(�0 ⌦ ⇥
x

) USHBdG(k) +HBdG(k)US = 0

eHBdG(k) =

✓
0 D(k)

D†(k) 0

◆

D(k) DT (�k) = �D(k)

(also known as “helical superconductor”)
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2D time-reversal-invariant topological superconductor

Z2 topological invariant:

D(k) = (i�y) {⇥k�0 + i�t[dk · ⇤�]}where:eHBdG(k) =

✓
0 D(k)

D†(k) 0

◆

 The eigenfunctions of              are: 

where:

(�1)� =
4Y

a=1

Pf [!(�a)]p
det [!(�a)]

= ±1
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)

) (�1)� =
4Y

a=1

Pf
⇥
qT (�a)

⇤
p

det [q(�a)]
= ±1

 Spectrum flattening:
Q(k) =

✓
0 q(k)

q†(k) 0

◆

 TRS acts on           as follows: q(k) q(k) = �qT (�k)

Q(k)

2

Hence, the eigenfunctions (χ±
a , η±

a ) can be obtained from
the eigenvectors of DD† or D†D

DD†ua = λ2
aua, D†Dva = λ2

ava. (B3)

The eigenvectors ua, va are taken to be normalized to
one, i.e., u†

aua = v†ava = 1, for all a (here, the index a is
not summed over). The eigenstates of D†D follow from
the eigenstates of DD† via

va = NaD†ua, (B4)

with the normalization factor Na. Using Eq. (B3) one
can check that va is indeed an eigenvector of D†D,

D†Dva = D†D(NaD†ua) = Naλ2
aD†ua = λ2

ava, (B5)

for all a. The normalization factor Na is given by

u†
aDD†ua = λ2

au†
aua = λ2

a ⇒ Na =
1

λa
, (B6)

for all a. It follows that the eigenfunctions of H̃(k) are
(

χ±
a

η±
a

)

=
1√
2

(

ua

±va

)

=
1√
2

(

ua

±D†ua/λa

)

. (B7)

With this, the projector P (k) onto the filled Bloch states
becomes

P =
1

2

∑

a

(

ua

−va

)

(

u†
a −v†a

)

(B8)

=
1

2

(

2N 0
0 2N

)

− 1

2

∑

a

(

0 uav†a
vau†

a 0

)

.

Finally, we obtain for the flat band Hamiltonian Q, which
is defined as Q = 4N − 2P [3],

Q =
∑

a

(

0 uav†a
vau†

a 0

)

=
∑

a

(

0 uau†
a

D
λa

D†

λa

uau†
a 0

)

.

(B9)

In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a

1

λa(k)
ua(k)u†

a(k)D(k), (B10)

where ua(k) denotes the eigenvectors of DD†. For a sys-
tem with completely degenerate bands, λa = λ, for all a,
the above formula simplifies to

q(k) =
1

λ(k)

∑

a

ua(k)u†
a(k)D(k) =

1

λ(k)
D(k).(B11)

Examples of topological insulators and superconductors
with completely degenerate bands are the Dirac repre-
sentatives of Ref. [5].

The integer-valued topological invariant characterizing
topological superconductors is now simply given by the
winding number of q(k). It can be defined in any odd
spatial dimension. In three dimensions we have

ν3 =

∫

BZ

d3k

24π2
εµνρTr

[

(q−1∂µq)(q−1∂νq)(q−1∂ρq)
]

,

(B12)

and in one spatial dimension it reads

ν1 =
1

2πi

∫

BZ
dk Tr

[

q−1∂kq
]

. (B13)

Alternatively, it is also possible to define the winding
number in terms of the unflattened off-diagonal block
D(k) of the Hamiltonian. For example, for the winding
number in one spatial dimension this reads

ν1 =
1

4πi

∫

BZ
dk Tr

[

D−1∂kD − {D†}−1∂kD†
]

=
1

2π
Im

∫

BZ
dk Tr [∂k lnD] . (B14)

Appendix C: Z2 Invariant for Symmetry Class DIII

In this section we compute the Z2 topological invariant
for symmetry class DIII in d = 1 and d = 2 spatial dimen-
sions. It is most convenient to perform this derivation
in the basis (A8), in which the 4N × 4N Bogoliubov-de
Gennes Hamiltonian takes the form

H(k) =

(

0 D(k)
D†(k) 0

)

, D(k) = −DT (−k). (C1)

In this representation, the time-reversal symmetry oper-
ator is given by T = KUT = K iσ2 ⊗ 2N and the flat
band Hamiltonian reads

Q(k) =

(

0 q(k)
q†(k) 0

)

, q(k) = −qT (−k). (C2)

The presence of time-reversal symmetry allows us to de-
fine the Kane-Mele Z2 invariant [5, 31, 32, 33, 34, 35],

W =
∏

K

Pf [w(K)]
√

det [w(K)]
, (C3)

with K a time-reversal invariant momentum and Pf the
Pfaffian of an anti-symmetric matrix. Here, w(k) denotes
the “sewing matrix”

wab(k) = ⟨u+
a (−k)|T u+

b (k)⟩, (C4)

where a, b = 1, . . . , 2N and u±
a (k) is the a-th eigenvector

of Q(k) with eigenvalue ±1. The Pfaffian is an analog
of the determinant that can be defined only for 2n × 2n
anti-symmetric matrices A. It is given in terms of a sum
over all elements of the permutation group S2n

Pf(A) =
1

2nn!

∑

σ∈S2n

sgn(σ)
n

∏

i=1

Aσ(2i−1),σ(2i).

Due to the block off-diagonal structure of Eq. (C2) a
set of eigen Bloch functions of Q(k) can be constructed
as [5]

|u±
a (k)⟩N =

1√
2

(

na

±q†(k)na

)

, (C5)

 are globally defined.

(na)b = �ab

�(k) = N⇥u�
a (�k)|�u�

b (k)⇤N

q(k) = �qT (�k)

q†(k) = q�1(k)

(same symmetries as sewing matrix)
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Hence, the eigenfunctions (χ±
a , η±

a ) can be obtained from
the eigenvectors of DD† or D†D

DD†ua = λ2
aua, D†Dva = λ2

ava. (B3)

The eigenvectors ua, va are taken to be normalized to
one, i.e., u†

aua = v†ava = 1, for all a (here, the index a is
not summed over). The eigenstates of D†D follow from
the eigenstates of DD† via

va = NaD†ua, (B4)

with the normalization factor Na. Using Eq. (B3) one
can check that va is indeed an eigenvector of D†D,

D†Dva = D†D(NaD†ua) = Naλ2
aD†ua = λ2

ava, (B5)

for all a. The normalization factor Na is given by

u†
aDD†ua = λ2

au†
aua = λ2

a ⇒ Na =
1

λa
, (B6)

for all a. It follows that the eigenfunctions of H̃(k) are
(

χ±
a

η±
a

)

=
1√
2

(

ua

±va

)

=
1√
2

(

ua

±D†ua/λa

)

. (B7)

With this, the projector P (k) onto the filled Bloch states
becomes

P =
1

2

∑

a

(

ua

−va

)

(

u†
a −v†a

)

(B8)

=
1

2

(

2N 0
0 2N

)

− 1

2

∑

a

(

0 uav†a
vau†

a 0

)

.

Finally, we obtain for the flat band Hamiltonian Q, which
is defined as Q = 4N − 2P [3],

Q =
∑

a

(

0 uav†a
vau†

a 0

)

=
∑

a

(

0 uau†
a

D
λa

D†

λa

uau†
a 0

)

.

(B9)

In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a

1

λa(k)
ua(k)u†

a(k)D(k), (B10)

where ua(k) denotes the eigenvectors of DD†. For a sys-
tem with completely degenerate bands, λa = λ, for all a,
the above formula simplifies to

q(k) =
1

λ(k)

∑

a

ua(k)u†
a(k)D(k) =

1

λ(k)
D(k).(B11)

Examples of topological insulators and superconductors
with completely degenerate bands are the Dirac repre-
sentatives of Ref. [5].

The integer-valued topological invariant characterizing
topological superconductors is now simply given by the
winding number of q(k). It can be defined in any odd
spatial dimension. In three dimensions we have

ν3 =

∫

BZ

d3k

24π2
εµνρTr

[

(q−1∂µq)(q−1∂νq)(q−1∂ρq)
]

,

(B12)

and in one spatial dimension it reads

ν1 =
1

2πi

∫

BZ
dk Tr

[

q−1∂kq
]

. (B13)

Alternatively, it is also possible to define the winding
number in terms of the unflattened off-diagonal block
D(k) of the Hamiltonian. For example, for the winding
number in one spatial dimension this reads

ν1 =
1

4πi

∫

BZ
dk Tr

[

D−1∂kD − {D†}−1∂kD†
]

=
1

2π
Im

∫

BZ
dk Tr [∂k lnD] . (B14)

Appendix C: Z2 Invariant for Symmetry Class DIII

In this section we compute the Z2 topological invariant
for symmetry class DIII in d = 1 and d = 2 spatial dimen-
sions. It is most convenient to perform this derivation
in the basis (A8), in which the 4N × 4N Bogoliubov-de
Gennes Hamiltonian takes the form

H(k) =

(

0 D(k)
D†(k) 0

)

, D(k) = −DT (−k). (C1)

In this representation, the time-reversal symmetry oper-
ator is given by T = KUT = K iσ2 ⊗ 2N and the flat
band Hamiltonian reads

Q(k) =

(

0 q(k)
q†(k) 0

)

, q(k) = −qT (−k). (C2)

The presence of time-reversal symmetry allows us to de-
fine the Kane-Mele Z2 invariant [5, 31, 32, 33, 34, 35],

W =
∏

K

Pf [w(K)]
√

det [w(K)]
, (C3)

with K a time-reversal invariant momentum and Pf the
Pfaffian of an anti-symmetric matrix. Here, w(k) denotes
the “sewing matrix”

wab(k) = ⟨u+
a (−k)|T u+

b (k)⟩, (C4)

where a, b = 1, . . . , 2N and u±
a (k) is the a-th eigenvector

of Q(k) with eigenvalue ±1. The Pfaffian is an analog
of the determinant that can be defined only for 2n × 2n
anti-symmetric matrices A. It is given in terms of a sum
over all elements of the permutation group S2n

Pf(A) =
1

2nn!

∑

σ∈S2n

sgn(σ)
n

∏

i=1

Aσ(2i−1),σ(2i).

Due to the block off-diagonal structure of Eq. (C2) a
set of eigen Bloch functions of Q(k) can be constructed
as [5]

|u±
a (k)⟩N =

1√
2

(

na

±q†(k)na

)

, (C5)

Projector onto filled Bloch bands

sewing matrix
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2D time-reversal-invariant topological superconductor

Effective low-energy !
continuum theory: !
(expand around             )

HBdG(k) =

✓
⇥(k)�0 �t[d(k) · ⇤�](i�y)

�t(�i�y)[d(k) · ⇤�] �⇥(k)�0

◆

d
x

(k) = k
x

dy(k) = ky dz(k) = 0

k = 0

�(k) = �tk2 + 4t� µ

—protected by TRS and PHS!!
— two-dimensional analog of B phase of 3He!!
— possible condensed matter realization: !
thin film of CePt3Si?

By analogy to chiral p-wave SC: !
two counter-propagating Majorana edge modes

(for |µ| < 4t)

Z2 topological invariant :

Bulk-boundary correspondence:

Energy spectrum: E± = ±�(k) = ±
q
⇥2(k) +�

t

(k2
x

+ k2
y

)

(�1)⌫ = �sgn(4t� µ)sgn(t)

trivial super-
conductor

TRI topological 
superconductorµ > 4t : µ < 4t :

TRIM: k = 0, k = +1

helical Majorana edge states:

TRI topological SC

We recognise the Dirac Cone centered around zero momentum and addition-
ally a bound state between the peaks located at kz = 1 and kz = 2. It is not
clear though, if these are di�erent states or if its the same one. That these are
di�erent states can be judged by looking at the spin resolved SDOS

23

En
er

gy

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

homotopy

ν = # kx (1)

∆±
k

= ∆s ± ∆t |dk| (2)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (3)

and

π3[U(2)] = q(k) :∈ U(2) (4)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (5)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (6)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(7)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(8)

+ λ cos ky

(

c†nky↓cnky↑ + c†nky↑cnky↓

)

(9)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (10)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (11)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(12)

a (13)

ξ±
k

= εk ± α |gk|(14)
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3D time-reversal-invariant topological superconductor

Cubic lattice BdG Hamiltonian in the presence of time-reversal symmetry:
equivalent to B phase of 3He

HBdG(k) =

✓
⇥(k)�0 �t[d(k) · ⇤�](i�y)

�t(�i�y)[d(k) · ⇤�] �⇥(k)�0

◆
Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

1 frist chapter

BdG Hamiltonian

H =
1

2

∑

k

(

c† c
)

HBdG

(

c
c†

)

, HBdG =

(

h0 ∆
∆† −hT

0

)

(1)

and

Ξϕ = τxϕ
∗ (2)

ν =
1

2π

[
∮

∂(EBZ)

dk · A−
∫

EBZ

d2kF
]

mod 2 (3)

tages

ΞHBdG(k) Ξ−1 = −HBdG(−k) "−→ (4)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (5)

γC =

∮

C

A · dk (6)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(7)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

mean field

Ξ ψ+k,+E = τxψ
∗
−k,−E (1)

Ξ2 = +1 Ξ = τxK (2)

τx =

(

0 1
1 0

)

(3)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (4)

weak vs strong

|µ| < 4t (5)

n = 1 (6)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (7)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (8)

mx my mz (9)

homotopy

n = # kx (10)

∆±
k

= ∆s ± ∆t |dk| (11)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (12)

and

π3[U(2)] = q(k) :∈ U(2) (13)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (14)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (15)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(16)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(17)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(18)

TRS:

PHS: � = �0 � ⌧
x

K

� = i�y � ⇥0K�HBdG(k)�
�1 = +HBdG(�k)

USHBdG(k) +HBdG(k)US = 0

"(k) = 2t(cos k
x

+ cos k
y

+ cos k
z

)� µ

d
x

(k) = sin k
x

d
y

(k) = sin k
y

d
z

(k) = sin k
z

Chiral symmetry (TRS x PHS):

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k

1( ) ( ) 12 ;   H H�� � � � � � � �k k

1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

             can be brought into block-off diagonal form: 

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (1)

∆(k) = (∆sσ0 + dk · σ) iσy (2)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ

Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(3)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(4)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(5)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (6)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (7)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(8)

a (9)

ξ±
k

= εk ± α |gk|(10)

and

f(k) = 1 (11)

B

n ∈ (12)

f(k) = 1 (13)

Wk∥
=

1

2πi

∫

dk⊥Tr
[

q−1∂k⊥
q
]

= ±1 (14)

D(k) = (i�y) {⇥k�0 + i�t[dk · ⇤�]}

 TRS acts on           as follows: 

(transform to basis in which S is diagonal)

eHBdG(k) =

✓
0 D(k)

D†(k) 0

◆

D(k) DT (�k) = �D(k)



Lattice BdG Hamiltonian:

  Off-diagonal block:

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Mapping 

I. INTRODUCTION

In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a

1

λa(k)
ua(k)u†

a(k)D(k), (1.1)

where ua(k) denotes the eigenvectors of DD†.

now, we have

H̃(k) =

⎛

⎝

0 D(k)

D†(k) 0

⎞

⎠ , (1.2)

off-diagonal block with the off-diagonal block

D(k) = (εk + i∆s)σ0 + (α + i∆t) lk · σ (1.3)

and where we have introduced the short-hand notation

A = α + i∆t, Bk = εk + i∆s. (1.4)

d-wave SC

H(k) =

⎛

⎝

+εk ∆k

∆k −εk

⎞

⎠ , H̃(k) =

⎛

⎝

0 εk − i∆k

εk + i∆k 0

⎞

⎠ (1.5)

d d′ p (1.6)

Tetrahedral point-group Td

Shift property:

K (s, d + 1) = K (s − 1, d) (1.7)

K (s, d) = , (1.8)

l⃗(k) = g1

[

k̂x(k̂
2
y − k̂2

z)x̂ + k̂y(k̂
2
z − k̂2

x)ŷ + k̂z(k̂
2
x − k̂2

y)ẑ
]

(1.9)

1
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homotopy

q(k) ∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

 Spectrum flattening:

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2
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∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u
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∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)
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homotopy

q(k) :∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

Mapping 
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homotopy

π3[U(2)] = q(k) :∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

�2[U(2)] = 0

q(k) = �qT (�k)TRS:

D(k)D(k) : TRS: D(k) = �DT (k)

3D time-reversal-invariant topological superconductor

eHBdG(k) =

✓
0 D(k)

D†(k) 0

◆

D(k) = (i�y) {⇥k�0 + i�t[dk · ⇤�]}

     classified by winding number: W =
1

24�2

Z

BZ
d3k ⇥µ�⇥ Tr

⇥
(q�1⇤µq)(q

�1⇤�q)(q
�1⇤⇥q)

⇤

Kramers-degenerate Majorana states

 Bulk-boundary correspondence:

=)

|W | = #

Possible condensed matter realization: !
         CePt3Si, Li2Pt3B, CeRhSi3, CeIrSi3, etc.

q(k) =
X

a

1

�a(k)
ua(k)u

†
a(k)D(k)



Non-centrosymmetric 
Superconductors!

(full gap)
3He  A1 phase

Key symmetries of superconductivity
 Inversion and time reversal symmetry

Sendai, March 2009 Manfred Sigrist, ETH Zürich

CePt3Si

ferromagnetic

SC

paramagnetic

UGe2

1st GCOE
   International Symposium



What is a non-centrosymmetric superconductor (NCS)?

[E. Bauer et al, PRL (2004), Kimura et al. ’05, 
Sugitami et al. ’06, etc..]

Superconductor without a center of inversion in its crystal structure.

CePt3Si, CeRhSi3, CeIrSi3, Li2Pt3B, LaPtBi,  etc.

Crystal lattice !
potential gradient

Consider tetragonal point group C4v:
3He  A1 phase

Key symmetries of superconductivity
 Inversion and time reversal symmetry

Sendai, March 2009 Manfred Sigrist, ETH Zürich

CePt3Si

ferromagnetic

SC

paramagnetic

UGe2

1st GCOE
   International Symposium

Interfaces: LaAlO3/SrTiO3!

through relativist effects potential gradient leads to anti-symmetric spin-orbit coupling
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⇥(k) = f(k) (⇥s⌅0 + ⇥tdk · �) i⌅y

SHBdG(k) +HBdG(k)S = 0 (1)

⇤HBdG(k)⇤�1 = +HBdG(�k) (2)

sym

⇥(k1) =
i

2⇤

�

C
F(k)dk2 C (3)

and time-reversal symmetry ky

E = ± |m(k)| (4)

⇤ ⇥i (5)

k = �1 k = �2 (6)

⇤ = e+i�Sy/~K ⇤2 = �1 2e2/h ⌅i ⌅1 ⌅2 ⌅3 ⌅4 (7)

E0 ky (8)

2�C = solid angle swept out by d̂(k) (9)

H(k) = d(k) · � d̂ (10)

n =
i

2⇤

⇥ ⇤
Fd2k (11)

|u(k)⇧ ⇤ ei⇥k |u(k)⇧ (12)

A⇤ A+⌃k⇧k (13)

F = ⌃k ⇥A (14)

�C =

�

C

A · dk (15)

�C =

⇤

S

Fd2k (16)

=⌅ (17)

Bloch theorem

[T (R), H] = 0 k |⌃n⇧ = eikr |un(k)⇧ (18)

(19)

H(k) = e�ikrHe+ikr (20)

(21)

H(k) |un(k)⇧ = En(k) |un(k)⇧ (22)

Non-centrosymmetric SCs: Structure of pairing state

Helicity basis:

Normal state: 

Spin basis:
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1. f-Summenregel

Spin basis

µ =↑, ↓ (1)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (2)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (3)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(4)

and

NS2 =
1

2π

∫

S2

d2k Tr [F ] F = ∇×A (5)

Time-reversal symmetry:

UTH∗(k)U †
T = +H(−k), UT = σ0 (6)

Particle-hole symmetry: S = TC = σ2

UCH∗(k)U †
C = −H(−k), UC = iσ2 (7)

basis in which S the H(k) Off-diagonal form

H̃(k) =

(

0 εk − i∆k

εk + i∆k 0

)

(8)

qk is

q(k) : S1 −→ S1 π1(S
1) = (9)
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1. f-Summenregel

Spin basis

µ =↑, ↓ s = ± (1)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (2)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝
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Re∆k

Im∆k

⎞

⎠ (3)
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24π2

∫
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(4)

and
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2π

∫

S2
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UTH∗(k)U †
T = +H(−k), UT = σ0 (6)

Particle-hole symmetry: S = TC = σ2

UCH∗(k)U †
C = −H(−k), UC = iσ2 (7)

basis in which S the H(k) Off-diagonal form

H̃(k) =

(

0 εk − i∆k

εk + i∆k 0

)

(8)

qk is

q(k) : S1 −→ S1 π1(S
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1. f-Summenregel

Consider for example

ξ±k = εk ± |gk| (1)

g(−k) = −g(k) (2)

g(k) ∝ ky êx − kxêy (3)

Spin basis

µ =↑, ↓ s = ± (4)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (5)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (6)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(7)

and

NS2 =
1

2π

∫

S2

d2k Tr [F ] F = ∇×A (8)

Time-reversal symmetry:

UTH∗(k)U †
T = +H(−k), UT = σ0 (9)

Particle-hole symmetry: S = TC = σ2

UCH∗(k)U †
C = −H(−k), UC = iσ2 (10)

basis in which S the H(k) Off-diagonal form

H̃(k) =

(

0 εk − i∆k

εk + i∆k 0

)

(11)

qk is

q(k) : S1 −→ S1 π1(S
1) = (12)
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1. f-Summenregel

The Hamiltonian is:

H =
∑

kµν

c†kµ (εkσ0 + αgk · σ)µν ckν =
∑

ks

ξks b†ksbks (1)

Consider for example

ξ±k = εk ± |gk| (2)

g−k = −gk (3)

gk ∝ ky êx − kxêy (4)

Spin basis

µ =↑, ↓ s = ± (5)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (6)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (7)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(8)

and

NS2 =
1

2π

∫

S2

d2k Tr [F ] F = ∇×A (9)

Time-reversal symmetry:

UTH∗(k)U †
T = +H(−k), UT = σ0 (10)

Spin-split energy spectrum:

ky  

kx  

Gaps on the two Fermi surfaces:

(ii) Lack of center of inversion allows for admixture of singlet 
and triplet pairing components 

            is constrained by SO interaction: 
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1. f-Summenregel Superconducting gap

∆(k) = f(k) (∆sσ0 + dk · σ) iσy (1)

Uk (gk · σ)U †
k = |gk|σ3, (2)

that is

Uk = cos
θ

2
− ink · σ sin

θ

2
, nk =

gk × êz

|gk × êz|
, (3)

The Hamiltonian is:

H =
∑

kµν

c†kµ (εkσ0 + αgk · σ)µν ckν =
∑

ks

ξks b†ksbks (4)

Consider for example

ξ±k = εk ± |gk| (5)

g−k = −gk (6)

gk ∝ ky êx − kxêy (7)

Spin basis

µ =↑, ↓ s = ± (8)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (9)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (10)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(11)
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gk ∥ dk (1)

ν = −2.0 ν = +2.0 ν = +4.0 (2)

g
(1,3)
inter = g

(2,3)
inter = −0.05 (3)

(4)

∆0,t ≫ ∆0,s (5)

and

∆(l)
s,k = ∆0,s

∑

i

wi cos (k · Ti) (6)

∆(l)
t,k = (−1)l∆0,t

∑

i

wi sin (k · Ti) (7)

D(k) =

(

+gz
k + ε1k − i(∆t,k − ∆s,k) +ε⊥k

+ε∗⊥k
−gz

k
+ ε1k − i(∆t,k + ∆s,k)

)

(8)

(9)

The topology of the nodal lines is described by the following invariant

ν1 =
1

2π
Im

∮

dklTr [∂kl
ln Dk] . (10)

gap functions

∆0,t > ∆0,s, ∆1,s (11)

(12)

∆(l)
s,k = (−1)l

[

∆0,s − ∆1,s

∑

i

cos (k · Ti)
]

(13)

(14)

∆(l)
t,k = ∆0,t

∑

i

sin (k · Ti) (15)
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homotopy

∆±
k

= ∆s ± ∆t |dk| (1)

and

π3[U(2)] = q(k) :∈ U(2) (2)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (3)

∆(k) = (∆sσ0 + dk · σ) iσy (4)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ

Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(5)

and

jn,ky = −t sin ky

(

c†nky↑cnky↑ + c†nky↓cnky↓

)

(6)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(7)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (8)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (9)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(10)

a (11)

ξ±
k

= εk ± α |gk|(12)

(i) Lack of center of inversion causes anti-symmetric SO coupling.
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⇥(k) = f(k) (⇥s⌅0 + ⇥tdk · �) i⌅y

SHBdG(k) +HBdG(k)S = 0 (1)

⇤HBdG(k)⇤�1 = +HBdG(�k) (2)

sym

⇥(k1) =
i

2⇤

�

C
F(k)dk2 C (3)

and time-reversal symmetry ky

E = ± |m(k)| (4)

⇤ ⇥i (5)

k = �1 k = �2 (6)

⇤ = e+i�Sy/~K ⇤2 = �1 2e2/h ⌅i ⌅1 ⌅2 ⌅3 ⌅4 (7)

E0 ky (8)

2�C = solid angle swept out by d̂(k) (9)

H(k) = d(k) · � d̂ (10)

n =
i

2⇤

⇥ ⇤
Fd2k (11)

|u(k)⇧ ⇤ ei⇥k |u(k)⇧ (12)

A⇤ A+⌃k⇧k (13)

F = ⌃k ⇥A (14)

�C =

�

C

A · dk (15)

�C =

⇤

S

Fd2k (16)

=⌅ (17)

Bloch theorem

[T (R), H] = 0 k |⌃n⇧ = eikr |un(k)⇧ (18)

(19)

H(k) = e�ikrHe+ikr (20)

(21)

H(k) |un(k)⇧ = En(k) |un(k)⇧ (22)

Non-centrosymmetric SCs: Structure of pairing state

Helicity basis:

Normal state: 

Spin basis:
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1. f-Summenregel

Spin basis

µ =↑, ↓ (1)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (2)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (3)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(4)

and

NS2 =
1

2π

∫

S2

d2k Tr [F ] F = ∇×A (5)

Time-reversal symmetry:

UTH∗(k)U †
T = +H(−k), UT = σ0 (6)

Particle-hole symmetry: S = TC = σ2

UCH∗(k)U †
C = −H(−k), UC = iσ2 (7)

basis in which S the H(k) Off-diagonal form

H̃(k) =

(

0 εk − i∆k

εk + i∆k 0

)

(8)

qk is

q(k) : S1 −→ S1 π1(S
1) = (9)
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1. f-Summenregel

Spin basis

µ =↑, ↓ s = ± (1)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (2)
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1. f-Summenregel

Consider for example

ξ±k = εk ± |gk| (1)

g(−k) = −g(k) (2)

g(k) ∝ ky êx − kxêy (3)

Spin basis

µ =↑, ↓ s = ± (4)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (5)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (6)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(7)

and

NS2 =
1

2π

∫

S2

d2k Tr [F ] F = ∇×A (8)

Time-reversal symmetry:

UTH∗(k)U †
T = +H(−k), UT = σ0 (9)

Particle-hole symmetry: S = TC = σ2

UCH∗(k)U †
C = −H(−k), UC = iσ2 (10)

basis in which S the H(k) Off-diagonal form

H̃(k) =

(

0 εk − i∆k

εk + i∆k 0

)

(11)

qk is

q(k) : S1 −→ S1 π1(S
1) = (12)
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1. f-Summenregel

The Hamiltonian is:

H =
∑

kµν

c†kµ (εkσ0 + αgk · σ)µν ckν =
∑

ks

ξks b†ksbks (1)

Consider for example

ξ±k = εk ± |gk| (2)

g−k = −gk (3)

gk ∝ ky êx − kxêy (4)

Spin basis

µ =↑, ↓ s = ± (5)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (6)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (7)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(8)

and

NS2 =
1

2π

∫

S2

d2k Tr [F ] F = ∇×A (9)

Time-reversal symmetry:

UTH∗(k)U †
T = +H(−k), UT = σ0 (10)

Spin-split energy spectrum:

ky  

kx  

Gaps on the two Fermi surfaces:

(ii) Lack of center of inversion allows for admixture of singlet 
and triplet pairing components 

            is constrained by SO interaction: 
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1. f-Summenregel Superconducting gap

∆(k) = f(k) (∆sσ0 + dk · σ) iσy (1)

Uk (gk · σ)U †
k = |gk|σ3, (2)

that is

Uk = cos
θ

2
− ink · σ sin

θ

2
, nk =

gk × êz

|gk × êz|
, (3)

The Hamiltonian is:

H =
∑

kµν

c†kµ (εkσ0 + αgk · σ)µν ckν =
∑

ks

ξks b†ksbks (4)

Consider for example

ξ±k = εk ± |gk| (5)

g−k = −gk (6)

gk ∝ ky êx − kxêy (7)

Spin basis

µ =↑, ↓ s = ± (8)

Asymmetric potential gradient

∇U ∥ êz (p × ∇U) · σ (9)

Define n-vector

n =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (10)

Now we do the following

WS3 =
1

24π2

∫

S3

d2k dω εµνλTr
[

G∂µG−1G∂νG−1G∂λG−1
]

(11)
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gk ∥ dk (1)

ν = −2.0 ν = +2.0 ν = +4.0 (2)

g
(1,3)
inter = g

(2,3)
inter = −0.05 (3)

(4)

∆0,t ≫ ∆0,s (5)

and

∆(l)
s,k = ∆0,s

∑

i

wi cos (k · Ti) (6)

∆(l)
t,k = (−1)l∆0,t

∑

i

wi sin (k · Ti) (7)

D(k) =

(

+gz
k + ε1k − i(∆t,k − ∆s,k) +ε⊥k

+ε∗⊥k
−gz

k
+ ε1k − i(∆t,k + ∆s,k)

)

(8)

(9)

The topology of the nodal lines is described by the following invariant

ν1 =
1

2π
Im

∮

dklTr [∂kl
ln Dk] . (10)

gap functions

∆0,t > ∆0,s, ∆1,s (11)

(12)

∆(l)
s,k = (−1)l

[

∆0,s − ∆1,s

∑

i

cos (k · Ti)
]

(13)

(14)

∆(l)
t,k = ∆0,t

∑

i

sin (k · Ti) (15)
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homotopy

∆±
k

= ∆s ± ∆t |dk| (1)

and

π3[U(2)] = q(k) :∈ U(2) (2)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (3)

∆(k) = (∆sσ0 + dk · σ) iσy (4)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ

Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(5)

and

jn,ky = −t sin ky

(

c†nky↑cnky↑ + c†nky↓cnky↓

)

(6)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(7)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (8)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (9)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(10)

a (11)

ξ±
k

= εk ± α |gk|(12)

(i) Lack of center of inversion causes anti-symmetric SO coupling.
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full gap

-

positive helicity !
Fermi surface

negative helicity !
Fermi surface

full gap

full gap

pronounced angular dependence of jgkj leads to a strong
polarization dependence. Thus we get different peak posi-
tions for the E and T2 polarizations in !00

""ð!þÞ. As a
further consequence, the Raman spectra reveals up to two
kinks on each band (þ and $) at !=2c ¼ j1& p=4j and
!=2c ¼ j1& pj [21]. Furthermore, no singularities are
present. Nevertheless, the main feature, namely, the two-
peak structure, is still present, and one can directly deduce
the value of p from the peak and kink positions. Finally, for
p ' 1, one recovers the pure triplet case (d), in which the
unscreened Raman response is given by

!00
""ð!Þ / 2d

!
<
!
"2
k

jgkj2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!=2dþ jgkjÞð!=2d$ jgkjÞ

p
#

FS
:

Clearly, only the area on the Fermi surface with !=2d >
jgkj contributes to the Raman intensity. Since jgkj 2 ½0; 1)
has a saddle point at jgkj ¼ 1=4, we find kinks at charac-
teristic frequencies !=2d ¼ 1=4 and !=2d ¼ 1. In con-
trast to the Rashba-type ASOC, we find a characteristic low
energy expansion / ð!=2dÞ2 for both the A1 and the E
symmetry, while / ð!=2dÞ4 for the T2 symmetry [22].
Assuming weak coupling theory, we expect the pair-
breaking peaks (as shown in Fig. 4) for Li2PdxPt3$xB
roughly in the range 4–30 cm$1.

In summary, we have calculated for the first time the
electronic (pair-breaking) Raman response in the newly
discovered NCSs such as CePt3Si (G ¼ C4v) and
Li2PdxPt3$xB [G ¼ Oð432Þ]. Taking the pronounced
ASOC into account, we provide various analytical results

for the Raman response function and cover all relevant
cases from weak to strong triplet-singlet ratio p. Our
theoretical predictions can be used to analyze the under-
lying condensate in parity-violated NCSs and allows the
determination of p.
We thank P.M.R. Brydon and M. Sigrist for helpful

discussions.
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Rogl, Phys. Rev. Lett. 92, 027003 (2004).

[2] P. A. Frigeri, D. F. Agterberg, A. Koga, and M. Sigrist,
Phys. Rev. Lett. 92, 097001 (2004); 93, 099903 (2004).

[3] K. V. Samokhin and V. P. Mineev, Phys. Rev. B 77, 104520
(2008).

[4] E. Bauer, I. Bonalde, and M. Sigrist, Low Temp. Phys. 31,
748 (2005).
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breaking peaks (as shown in Fig. 4) for Li2PdxPt3$xB
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determination of p.
We thank P.M.R. Brydon and M. Sigrist for helpful

discussions.
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chiral symmetry (TRS+PHS):

Lattice BdG Hamiltonian:
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1. f-Summenregel

4 x 4 BdG Hamiltonian w cubic point group O

HBdG(k) =

(

h(k) ∆(k)
∆†(k) −hT(−k)

)

(1)

gk = αlk dk = ∆plk ∆±
k = ∆s ± ∆p |lk| (2)

Consider

lk = kyx̂ − kxŷ (3)

lk = kx

(

1 + g2

[

k2
y + k2

z

])

x̂ (4)

+ky

(

1 + g2

[

k2
x + k2

z

])

ŷ (5)

+kz

(

1 + g2

[

k2
x + k2

y

])

ẑ (6)

Superconducting gap

∆(k) = f(k) (∆sσ0 + dk · σ) iσy (7)

Uk (gk · σ)U †
k = |gk|σ3, (8)

that is

Uk = cos
θ

2
− ink · σ sin

θ

2
, nk =

gk × êz

|gk × êz|
, (9)

The Hamiltonian is:

H =
∑

kµν

c†kµ (εkσ0 + αgk · σ)µν ckν =
∑

ks

ξks b†ksbks (10)

Consider for example

ξ±k = εk ± |gk| (11)

g−k = −gk (12)

gk ∝ ky êx − kxêy (13)

Spin basis

µ =↑, ↓ s = ± (14)

 Symmetries:

             can be brought into block-off diagonal form, with off-diagonal component:
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Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (1)

∆(k) = (∆sσ0 + dk · σ) iσy (2)

hex Iy ≃
e

!
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kF,+

dky

2π
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µ
1 (0, ky)
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− t sin ky + λ

Lx/2
∑

n=1
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n(0, ky) cos ky

)

.(3)

and
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(4)
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)

(5)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣
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〉
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ky
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!
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Ny

∑

ky

Lx/2
∑
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∑
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⟨ψl,ky |jn,ky
|ψl,ky⟩ (6)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑
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Hµ
exρ

µ
1 (E, ky) ρx

1 (7)
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π
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Fully gapped non-centrosymmetric superconductor
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BdG Hamiltonian
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1

2

∑

k

(

c† c
)

HBdG
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c
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, HBdG =
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h0 ∆
∆† −hT
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(1)

and
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∑
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H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )
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Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k

1( ) ( ) 12 ;   H H�� � � � � � � �k k

1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

Brillouin zone
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Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands
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2π

∫
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First Chern number n = 0
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bands
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H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Mapping 

I. INTRODUCTION

In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a

1

λa(k)
ua(k)u†

a(k)D(k), (1.1)

where ua(k) denotes the eigenvectors of DD†.

now, we have

H̃(k) =

⎛

⎝

0 D(k)

D†(k) 0

⎞

⎠ , (1.2)

off-diagonal block with the off-diagonal block

D(k) = (εk + i∆s)σ0 + (α + i∆t) lk · σ (1.3)

and where we have introduced the short-hand notation

A = α + i∆t, Bk = εk + i∆s. (1.4)

d-wave SC

H(k) =

⎛

⎝

+εk ∆k

∆k −εk

⎞

⎠ , H̃(k) =

⎛

⎝

0 εk − i∆k

εk + i∆k 0

⎞

⎠ (1.5)

d d′ p (1.6)

Tetrahedral point-group Td

Shift property:

K (s, d + 1) = K (s − 1, d) (1.7)

K (s, d) = , (1.8)

l⃗(k) = g1

[

k̂x(k̂
2
y − k̂2

z)x̂ + k̂y(k̂
2
z − k̂2

x)ŷ + k̂z(k̂
2
x − k̂2

y)ẑ
]

(1.9)
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homotopy

q(k) ∈ U(2) (1)

Lattice BdG HBdG
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∑
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is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

 Spectrum flattening:

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

homotopy

q(k) :∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

Mapping 
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homotopy

π3[U(2)] = q(k) :∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

�2[U(2)] = 0q(k) = �qT (�k)TRS:

D(k)D(k) : TRS: D(k) = �DT (k)

D(k) = ("k + i�s)�0 + (↵+ i�t) lk · ~�

q(k) =
X

a

1

�a(k)
ua(k)u

†
a(k)D(k)



chiral symmetry (TRS+PHS):

3D: classified by winding number:

Lattice BdG Hamiltonian:
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1. f-Summenregel

4 x 4 BdG Hamiltonian w cubic point group O

HBdG(k) =

(

h(k) ∆(k)
∆†(k) −hT(−k)

)

(1)

gk = αlk dk = ∆plk ∆±
k = ∆s ± ∆p |lk| (2)

Consider

lk = kyx̂ − kxŷ (3)

lk = kx

(

1 + g2

[

k2
y + k2

z

])

x̂ (4)

+ky

(

1 + g2

[

k2
x + k2

z

])

ŷ (5)

+kz

(

1 + g2

[

k2
x + k2

y

])

ẑ (6)

Superconducting gap

∆(k) = f(k) (∆sσ0 + dk · σ) iσy (7)

Uk (gk · σ)U †
k = |gk|σ3, (8)

that is

Uk = cos
θ

2
− ink · σ sin

θ

2
, nk =

gk × êz

|gk × êz|
, (9)

The Hamiltonian is:

H =
∑

kµν

c†kµ (εkσ0 + αgk · σ)µν ckν =
∑

ks

ξks b†ksbks (10)

Consider for example

ξ±k = εk ± |gk| (11)

g−k = −gk (12)

gk ∝ ky êx − kxêy (13)

Spin basis

µ =↑, ↓ s = ± (14)

 Symmetries:

             can be brought into block-off diagonal form, with off-diagonal component:
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Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (1)

∆(k) = (∆sσ0 + dk · σ) iσy (2)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ

Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(3)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(4)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(5)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (6)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (7)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(8)

a (9)

ξ±
k

= εk ± α |gk|(10)

and

f(k) = 1 (11)

B

n ∈ (12)

f(k) = 1 (13)

Wk∥
=

1

2πi

∫

dk⊥Tr
[

q−1∂k⊥
q
]

= ±1 (14)
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homotopy

q(k) ∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)
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homotopy

q(k) :∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

Mapping 

Fully gapped non-centrosymmetric superconductor
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1 frist chapter

BdG Hamiltonian

H =
1

2

∑

k

(

c† c
)

HBdG

(

c
c†

)

, HBdG =

(

h0 ∆
∆† −hT

0

)

(1)

and

Ξϕ = τxϕ
∗ (2)

ν =
1

2π

[
∮

∂(EBZ)

dk · A−
∫

EBZ

d2kF
]

mod 2 (3)

tages

ΞHBdG(k) Ξ−1 = −HBdG(−k) "−→ (4)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (5)

γC =

∮

C

A · dk (6)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(7)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

particle-hole symmetry:

time-reversal symmetry:
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⇥HBdG(k)⇥�1 = +HBdG(�k) (1)

sym

⇥(k1) =
i

2⇤

�

C
F(k)dk2 C (2)

and time-reversal symmetry ky

E = ± |m(k)| (3)

⇤ ⇥i (4)

k = �1 k = �2 (5)

⇥ = e+i�Sy/~K ⇥2 = �1 2e2/h ⇤i ⇤1 ⇤2 ⇤3 ⇤4 (6)

E0 ky (7)

2�C = solid angle swept out by d̂(k) (8)

H(k) = d(k) · � d̂ (9)

n =
i

2⇤

⇥ ⇤
Fd2k (10)

|u(k)⌃ ⇤ ei⇥k |u(k)⌃ (11)

A⇤ A+⌥k⌅k (12)

F = ⌥k ⇥A (13)

�C =

�

C

A · dk (14)

�C =

⇤

S

Fd2k (15)

=⌅ (16)

Bloch theorem

[T (R), H] = 0 k |⇧n⌃ = eikr |un(k)⌃ (17)

(18)

H(k) = e�ikrHe+ikr (19)

(20)

H(k) |un(k)⌃ = En(k) |un(k)⌃ (21)

we have

H(k) kx ky ⇤/a � ⇤/a k ⇧ Brillouin Zone (22)
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SHBdG(k) +HBdG(k)S = 0 (1)

⇥HBdG(k)⇥�1 = +HBdG(�k) (2)

sym

⇥(k1) =
i

2⇤

�

C
F(k)dk2 C (3)

and time-reversal symmetry ky

E = ± |m(k)| (4)

⇤ ⇥i (5)

k = �1 k = �2 (6)

⇥ = e+i�Sy/~K ⇥2 = �1 2e2/h ⇤i ⇤1 ⇤2 ⇤3 ⇤4 (7)

E0 ky (8)

2�C = solid angle swept out by d̂(k) (9)

H(k) = d(k) · � d̂ (10)

n =
i

2⇤

⇥ ⇤
Fd2k (11)

|u(k)⌃ ⇤ ei⇥k |u(k)⌃ (12)

A⇤ A+⌥k⌅k (13)

F = ⌥k ⇥A (14)

�C =

�

C

A · dk (15)

�C =

⇤

S

Fd2k (16)

=⌅ (17)

Bloch theorem

[T (R), H] = 0 k |⇧n⌃ = eikr |un(k)⌃ (18)

(19)

H(k) = e�ikrHe+ikr (20)

(21)

H(k) |un(k)⌃ = En(k) |un(k)⌃ (22)

we have

H(k) kx ky ⇤/a � ⇤/a k ⇧ Brillouin Zone (23)

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k

1( ) ( ) 12 ;   H H�� � � � � � � �k k

1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

2D: classified by       number:

TRS: q(k) = �qT (k)

Z2 (�1)� =
4Y

a=1

Pf
⇥
qT (�a)

⇤
p

det [q(�a)]
= ±1

W =
1

24�2

Z

BZ
d3k ⇥µ�⇥ Tr

⇥
(q�1⇤µq)(q

�1⇤�q)(q
�1⇤⇥q)

⇤

D(k) = ("k + i�s)�0 + (↵+ i�t) lk · ~�



Fully gapped non-centrosymmetric SCs: Surface states

Bulk-boundary correspondence: Kramers-degenerate Majorana states

We recognise the Dirac Cone centered around zero momentum and addition-
ally a bound state between the peaks located at kz = 1 and kz = 2. It is not
clear though, if these are di�erent states or if its the same one. That these are
di�erent states can be judged by looking at the spin resolved SDOS

23

The out of plain spin component is zero and therefore not shown.
We notice, that the x-component of the expectation value of the spin on

the Dirac Cone is zero and the z-component is positiv for negative kz and vice
versa. We conclude, that the spin on the Dirac Cone is in plane and points to
the center. This is excected, as the vector l is paralell to k though the spin
should be alinged along k.

We also notice, that the bound stated mentioned before has a nonzero x-
component and is pointing outward. Therefore this state has opposite helicity
compared to the Dirac Cone and is condsidered a di�erent state.

As we have observed an oszillation of the surface state in the last section,
we will analyse this as well. Therefore we plot the DOS for the first layers
beginning from the surface, the colorsceme is the same and in each DOS and
spin resolved DOS respectively. We choose a fixed energy of ⇤ = 0.5. Further
� = 0.01 and the remaining k-components varies between �⇥ and ⇥ with 160
points being calculated.
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homotopy

ν = # kx (1)

∆±
k

= ∆s ± ∆t |dk| (2)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (3)

and

π3[U(2)] = q(k) :∈ U(2) (4)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (5)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (6)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(7)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(8)

+ λ cos ky

(

c†nky↓cnky↑ + c†nky↑cnky↓

)

(9)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (10)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (11)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(12)

a (13)

ξ±
k

= εk ± α |gk|(14)
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Surface density of states  Y-component of SDOS

trivial phase non-trivial phase 

no surface state dispersing “helical” 
Majorana surface states

2D:       numberZ2

3D: winding number W
⌫

�t < �s :

⇢
� = 0
W = 0 �t > �s :

⇢
� = +1
W = ±1,±2, , · · ·

�, |W | = #
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Symmetry classes: “Ten-fold way”

gha

⎧

⎨

⎩

a b

c d
(1.8)

In these notes, we analyze the anisotropy in both the electronic raman response and in the

inelastic neutron scattering within a conventional fermiology picture. In particular, we investigate

the hypothesis that the observed anisotropies in the spin and charge response are caused by both a

subdominant s-wave component in the superconducting gap and an orthorhombicity in the normal

state band structure.

II. RAMAN SCATTERING

Electronic Raman scattering has proven to be a useful tool in exploring the superconducting

state of high-Tc cuprates. It measures the symmetry of the order parameter, and provides one

piece of evidence for the by now widely accepeted d-wave pairing symmetry. Conversely, insight

in the extent of subdominant admixtures of d-wave symmetry, for instance in the orthorhombic

YBa2Cu3O7, is less well established. Moreover, the effects of an orthorhombic band structure on

the electronic Raman scattering have never been studied from a theoretical point of view.

The differential cross section in a Raman scattering experiment (a two photon process) for a

momentum transfer which is small compared to the extension of the Brillouin zone is directly

proportional to the imaginary part of the Raman response function at q = 0. (Typically the light

used in a Raman experiment has a wave vector ∼ 5000A−1 which is very small compared to

the Fermi vector kF ∼ 0.5A−1 in a cuprate. Raman only probes excitations near the zone center

q = 0. The resolution of a Raman experiment is typically 0.5 meV.)

We start from the Hamiltonian for electrons in a crystal subject to an electromagnetic field

H =
∑

j

{

1

2m

(

pj −
e

c
A(rj, t)

)2

+ U(rj)

}

, (2.1)

where A(rj, t) is the vector potential of the optical fields acting on the jth electron and pj is the

electron’s momentum. In order to treat this Hamiltonian perturbatively in the vector potential A

4
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4

  0! no time reversal invariance        
+1! time reversal invariance and               
 -1! time reversal invariance and               

  0! no particle-hole symmetry        
+1! particle-hole symmetry and              
 -1! particle-hole symmetry and               

time-reversal invariance (   ):

particle-hole symmetry (   ):

In addition we can also consider the 
“sublattice symmetry” 

(originally introduced in the context of random Hamiltonians / matrices)

complex conjugation

(is antiunitary)

(“reality condition”)

(“reality condition”)

Note: SLS is often also called “chiral symmetry”

S :

� = UTK

� = UCK

� :

� :

�2 = +1

�2 = �1

�2 = +1

�2 = �1

S = �⇥

SHBdG(k) +HBdG(k)S = 0

⇥

⌅

� :

� : UTH�
BdG(k)U

†
T = +HBdG(�k)

UCH�
BdG(k)U

†
C = �HBdG(�k)
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Θ2

∝
Ξ2 Π2Name

A 0 0 0
AIII 0 0 1
AI +1 0 0

BDI +1 +1 1
D 0 +1 0

DIII -1 +1 1
AII -1 0 0
CII -1 -1 1
C 0 -1 0
CI +1 -1 1

Altland-
Zirnbauer!
Random 
Matrix 
Classes

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k

1( ) ( ) 12 ;   H H�� � � � � � � �k k

1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

Anti-unitary symmetries:

Chiral (unitary) symmetry:

- time-reversal:
- particle-hole:
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1 frist chapter

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

Symmetry Operations:

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (1)

Interaction Hamiltonian

Sint =
g2
ph

2

∫

dx dx′ρ(x)D(x − x′)ρ(x′)

+
g2
sf

2

∫

dx dx′si(x)Dij(x − x′)sj(x
′) (2)

1. f-Summenregel

Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump
pulse, it shows instead an upward bend because of the full effectiveness of the two-photon
processes. At higher, but still not so large, integrated intensity, the single-phonon proces-
ses dominate and the curves corresponding to pulses shorter than τl exhibit a downward
bend, while those with longer pulse widths an upward one. The curve with τp = τl lies in
between these two regimes and marks the reach of full effectiveness of the single-photon
processes. At relatively high integrated intensity, all downward bending curves (τp ≤ τl)
show a more or less sharp upward bend before reaching zero. Instead, upward bending
curves (τp > τl) tend to flatten before reaching zero and to saturate for pulse widths
larger than 4τl with increasing A2

0τp. This occurs because long pump pulses create sharp
and narrow peaks in the quasiparticle distributions, which, for sufficiently high intensi-
ties, leads to saturation due to Pauli blocking. [?, ?] The integrated intensity above which
Pauli blocking sets in decreases with increasing τp and reaches zero at 4τl.

9 curves
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?
Classification of topological insulators and superconductors

Are there more topological insulator and superconductors?

?
Three different approaches to answer this question:

For which symmetry class and dimension !
is there a topological insulator/superconductor?

(i) Anderson localization of boundary modes

(iii) K-Theory
Kitaev, AIP Conf Proc. 1134, 22 (2009) 

Schnyder, Ryu, Furusaki, Ludwig, PRB 2008.

(ii) Dimensional reduction procedures

Ryu, Schnyder, Furusaki, Ludwig, NJP 2010.
Qi, Hughes, Zhang, PRB 2008.

All three approaches give the same answer!
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Θ2

∝
Ξ2 Π2

d

d d

d

d 2 d

d 2 d 2 d

d 2 d 2

d d 2

d

d

Name d=1 d=2 d=3
A 0 0 0 0 0

AIII 0 0 1 0
AI +1 0 0 0 0 0

BDI +1 +1 1 0 0
D 0 +1 0 0

DIII -1 +1 1
AII -1 0 0 0
CII -1 -1 1 0
C 0 -1 0 0 0
CI +1 -1 1 0 0

Altland-
Zirnbauer!
Random 
Matrix 
Classes

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k
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1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

    : integer classification!
    : binary classification!
0  : no top. insulator / SC

Tunneling conductance and topological surface states in superconductors
without inversion symmetry

Andreas P. Schnyder,1, ∗ P. M. R. Brydon,2, † and Carsten Timm2
1Max-Planck-Institut für Festkörperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany
2Institut für Theoretische Physik, Technische Universität Dresden, D-01062 Dresden, Germany

( Dated: June 23, 2011)

We study surface bound states and tunneling conductance spectra of non-centrosymmetric superconductors
(NCS). The appearance of dispersionless bound states is related to a non-zero topological invariant. Further-
more, we discuss different types of topological phase transitions in non-centrosymmetric superconductors.

PACS numbers: 74.50.+r,74.20.Rp,74.25.F-,03.65.vf

I. INTRODUCTION

In this paper we derive the surface bound state spectrum of
a NCS using quasiclassical scattering theory and compute the
tunneling conductance between a normal metal and a NCS
both as a function of surface orientation and as a function
of the relative magnitude of spin-singlet and spin-triplet pair-
ing states. Moreover, we also study zero-temperature quan-
tum phase transitions, where the momentum space topology
of the quasi-particle spectrum changes abruptly as the singlet-
to-triplet ratio in the pairing amplitude crosses a critical value
(Fig. 5). We discuss how these topological phase transitions
can be observed in experiments.

1

2π

∫

M

κ dA = χ = 2 − 2g (1)

2 0 (2)

II. THEORETICAL BACKGROUND

A. Model definition

We consider a mean-field model Hamiltonian for a BCS su-
perconductor in a non-centrosymmetric crystal. In particular
we have in mind Li2PdxPt3−xB, CePt3Si, and Y2C3. We start
from a general non-centrosymmetric superconductor with the
mean-field HamiltonianH = 1

2

∑

k
ψ†

k
H(k)ψ

k
with

H(k) =

(

h(k) ∆(k)
∆†(k) −hT (−k)

)

(3a)

and ψk = (c
k↑, ck↓, c

†
−k↑, c

†
−k↓)

T, where c†
k
(c

k
) denotes the

electron creation (annihilation) operator with momentum k
and spin σ. The normal state dispersion of the electrons is
described by the matrix

h(k) = ξkσ0 + gk · σ, (3b)

with ξk = !2k2/(2m) − µ and gk the spin-orbit coupling
(SOC) potential. The gap function∆(k) is

∆(k) = f(k) (∆s + dk · s) (isy) . (3c)

It is well-known that the highest Tc corresponds to dk ∥ gk.
Hence we write dk = ∆pgk.

B. Winding number

We can study the topological properties of nodal lines using
the winding number

WL =
1

2πi

∮

L

dl Tr
[

q−1(k)∇lq (k)
]

, (4)

where the integral is evaluated along the closed loop L in the
Brillouin zone. With this formula we can compute the topo-
logical charge associated with the nodal lines appearing in the
gapless phases of non-centrosymmetric superconductors.

III. BOUND STATE SPECTRA

IV. TUNNELING CONDUCTANCE

V. TOPOLOGICAL PHASE TRANSITIONS

In this Section we examine topological phase transi-
tions of model (2) as a function of the relative strength
of singlet and triplet contributions to the order parameter,
∆s/∆t. I.e, we investigate zero-temperature transitions be-
tween two phases which share the same symmetries, in
particular the same pairing symmetry, but differ in their
topological characteristics.33,34 This is motivated in part by
Li2PdxPt3−xB, which is a family of NCS where the SO cou-
pling strength can be tuned by substituting Pt for Pd.35 The
magnitude of the SO interaction in these compounds in turn
seems to be directly related to the singlet-to-triplet ratio in
the pairing amplitude.36 This suggest that it might be possi-
ble to observe in Li2PdxPt3−xB topological phase transitions
between a fully gapped and a gapless phase, or between two
gapless phases as a function of Pt concentration.
In Fig. 5a we present the topological phase diagram

for a NCS with cubic point group O (appropriate for
Li2PdxPt3−xB) and l-vector given by Eq. (??). For∆s > ∆t

the superconductor is fully gapped and topologically triv-
ial. At ∆s = ∆t there is a Lifshitz-type zero-temperature

Tunneling conductance and topological surface states in superconductors
without inversion symmetry

Andreas P. Schnyder,1, ∗ P. M. R. Brydon,2, † and Carsten Timm2
1Max-Planck-Institut für Festkörperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany
2Institut für Theoretische Physik, Technische Universität Dresden, D-01062 Dresden, Germany

( Dated: June 23, 2011)

We study surface bound states and tunneling conductance spectra of non-centrosymmetric superconductors
(NCS). The appearance of dispersionless bound states is related to a non-zero topological invariant. Further-
more, we discuss different types of topological phase transitions in non-centrosymmetric superconductors.

PACS numbers: 74.50.+r,74.20.Rp,74.25.F-,03.65.vf

I. INTRODUCTION

In this paper we derive the surface bound state spectrum of
a NCS using quasiclassical scattering theory and compute the
tunneling conductance between a normal metal and a NCS
both as a function of surface orientation and as a function
of the relative magnitude of spin-singlet and spin-triplet pair-
ing states. Moreover, we also study zero-temperature quan-
tum phase transitions, where the momentum space topology
of the quasi-particle spectrum changes abruptly as the singlet-
to-triplet ratio in the pairing amplitude crosses a critical value
(Fig. 5). We discuss how these topological phase transitions
can be observed in experiments.

1

2π

∫

M

κ dA = χ = 2 − 2g (1)

2 0 (2)

II. THEORETICAL BACKGROUND

A. Model definition

We consider a mean-field model Hamiltonian for a BCS su-
perconductor in a non-centrosymmetric crystal. In particular
we have in mind Li2PdxPt3−xB, CePt3Si, and Y2C3. We start
from a general non-centrosymmetric superconductor with the
mean-field HamiltonianH = 1

2

∑

k
ψ†

k
H(k)ψ

k
with

H(k) =

(

h(k) ∆(k)
∆†(k) −hT (−k)

)

(3a)

and ψk = (c
k↑, ck↓, c

†
−k↑, c

†
−k↓)

T, where c†
k
(c

k
) denotes the

electron creation (annihilation) operator with momentum k
and spin σ. The normal state dispersion of the electrons is
described by the matrix

h(k) = ξkσ0 + gk · σ, (3b)

with ξk = !2k2/(2m) − µ and gk the spin-orbit coupling
(SOC) potential. The gap function∆(k) is

∆(k) = f(k) (∆s + dk · s) (isy) . (3c)

It is well-known that the highest Tc corresponds to dk ∥ gk.
Hence we write dk = ∆pgk.

B. Winding number

We can study the topological properties of nodal lines using
the winding number

WL =
1

2πi

∮

L

dl Tr
[

q−1(k)∇lq (k)
]

, (4)

where the integral is evaluated along the closed loop L in the
Brillouin zone. With this formula we can compute the topo-
logical charge associated with the nodal lines appearing in the
gapless phases of non-centrosymmetric superconductors.

III. BOUND STATE SPECTRA

IV. TUNNELING CONDUCTANCE

V. TOPOLOGICAL PHASE TRANSITIONS

In this Section we examine topological phase transi-
tions of model (2) as a function of the relative strength
of singlet and triplet contributions to the order parameter,
∆s/∆t. I.e, we investigate zero-temperature transitions be-
tween two phases which share the same symmetries, in
particular the same pairing symmetry, but differ in their
topological characteristics.33,34 This is motivated in part by
Li2PdxPt3−xB, which is a family of NCS where the SO cou-
pling strength can be tuned by substituting Pt for Pd.35 The
magnitude of the SO interaction in these compounds in turn
seems to be directly related to the singlet-to-triplet ratio in
the pairing amplitude.36 This suggest that it might be possi-
ble to observe in Li2PdxPt3−xB topological phase transitions
between a fully gapped and a gapless phase, or between two
gapless phases as a function of Pt concentration.
In Fig. 5a we present the topological phase diagram

for a NCS with cubic point group O (appropriate for
Li2PdxPt3−xB) and l-vector given by Eq. (??). For∆s > ∆t

the superconductor is fully gapped and topologically triv-
ial. At ∆s = ∆t there is a Lifshitz-type zero-temperature

Anti-unitary symmetries:

Chiral (unitary) symmetry:

- time-reversal:
- particle-hole:

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich
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Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump
pulse, it shows instead an upward bend because of the full effectiveness of the two-photon
processes. At higher, but still not so large, integrated intensity, the single-phonon proces-
ses dominate and the curves corresponding to pulses shorter than τl exhibit a downward
bend, while those with longer pulse widths an upward one. The curve with τp = τl lies in
between these two regimes and marks the reach of full effectiveness of the single-photon
processes. At relatively high integrated intensity, all downward bending curves (τp ≤ τl)
show a more or less sharp upward bend before reaching zero. Instead, upward bending
curves (τp > τl) tend to flatten before reaching zero and to saturate for pulse widths
larger than 4τl with increasing A2

0τp. This occurs because long pump pulses create sharp
and narrow peaks in the quasiparticle distributions, which, for sufficiently high intensi-
ties, leads to saturation due to Pauli blocking. [?, ?] The integrated intensity above which
Pauli blocking sets in decreases with increasing τp and reaches zero at 4τl.
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We study surface bound states and tunneling conductance spectra of non-centrosymmetric superconductors
(NCS). The appearance of dispersionless bound states is related to a non-zero topological invariant. Further-
more, we discuss different types of topological phase transitions in non-centrosymmetric superconductors.

PACS numbers: 74.50.+r,74.20.Rp,74.25.F-,03.65.vf

I. INTRODUCTION

In this paper we derive the surface bound state spectrum of
a NCS using quasiclassical scattering theory and compute the
tunneling conductance between a normal metal and a NCS
both as a function of surface orientation and as a function
of the relative magnitude of spin-singlet and spin-triplet pair-
ing states. Moreover, we also study zero-temperature quan-
tum phase transitions, where the momentum space topology
of the quasi-particle spectrum changes abruptly as the singlet-
to-triplet ratio in the pairing amplitude crosses a critical value
(Fig. 5). We discuss how these topological phase transitions
can be observed in experiments.
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II. THEORETICAL BACKGROUND

A. Model definition

We consider a mean-field model Hamiltonian for a BCS su-
perconductor in a non-centrosymmetric crystal. In particular
we have in mind Li2PdxPt3−xB, CePt3Si, and Y2C3. We start
from a general non-centrosymmetric superconductor with the
mean-field HamiltonianH = 1

2

∑
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ψ†

k
H(k)ψ

k
with

H(k) =
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and ψk = (c
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†
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T, where c†
k
(c

k
) denotes the

electron creation (annihilation) operator with momentum k
and spin σ. The normal state dispersion of the electrons is
described by the matrix

h(k) = ξkσ0 + gk · σ, (3b)

with ξk = !2k2/(2m) − µ and gk the spin-orbit coupling
(SOC) potential. The gap function∆(k) is

∆(k) = f(k) (∆s + dk · s) (isy) . (3c)

It is well-known that the highest Tc corresponds to dk ∥ gk.
Hence we write dk = ∆pgk.

B. Winding number

We can study the topological properties of nodal lines using
the winding number

WL =
1

2πi

∮

L

dl Tr
[

q−1(k)∇lq (k)
]

, (4)

where the integral is evaluated along the closed loop L in the
Brillouin zone. With this formula we can compute the topo-
logical charge associated with the nodal lines appearing in the
gapless phases of non-centrosymmetric superconductors.

III. BOUND STATE SPECTRA

IV. TUNNELING CONDUCTANCE

V. TOPOLOGICAL PHASE TRANSITIONS

In this Section we examine topological phase transi-
tions of model (2) as a function of the relative strength
of singlet and triplet contributions to the order parameter,
∆s/∆t. I.e, we investigate zero-temperature transitions be-
tween two phases which share the same symmetries, in
particular the same pairing symmetry, but differ in their
topological characteristics.33,34 This is motivated in part by
Li2PdxPt3−xB, which is a family of NCS where the SO cou-
pling strength can be tuned by substituting Pt for Pd.35 The
magnitude of the SO interaction in these compounds in turn
seems to be directly related to the singlet-to-triplet ratio in
the pairing amplitude.36 This suggest that it might be possi-
ble to observe in Li2PdxPt3−xB topological phase transitions
between a fully gapped and a gapless phase, or between two
gapless phases as a function of Pt concentration.
In Fig. 5a we present the topological phase diagram

for a NCS with cubic point group O (appropriate for
Li2PdxPt3−xB) and l-vector given by Eq. (??). For∆s > ∆t

the superconductor is fully gapped and topologically triv-
ial. At ∆s = ∆t there is a Lifshitz-type zero-temperature
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Modifications:
In passing, let us also comment on the dependence of ∆∞ on the integrated pump pulse
intensity A2

0τp, which is shown in Fig. ??(c) for nine different pulse widths τp. The asym-
ptotic gap value ∆∞ is linear for A2

0τp → 0 for τp ≤ 2τl; for larger values of the pump
pulse, it shows instead an upward bend because of the full effectiveness of the two-photon
processes. At higher, but still not so large, integrated intensity, the single-phonon proces-
ses dominate and the curves corresponding to pulses shorter than τl exhibit a downward
bend, while those with longer pulse widths an upward one. The curve with τp = τl lies in
between these two regimes and marks the reach of full effectiveness of the single-photon
processes. At relatively high integrated intensity, all downward bending curves (τp ≤ τl)
show a more or less sharp upward bend before reaching zero. Instead, upward bending
curves (τp > τl) tend to flatten before reaching zero and to saturate for pulse widths
larger than 4τl with increasing A2

0τp. This occurs because long pump pulses create sharp
and narrow peaks in the quasiparticle distributions, which, for sufficiently high intensi-
ties, leads to saturation due to Pauli blocking. [?, ?] The integrated intensity above which
Pauli blocking sets in decreases with increasing τp and reaches zero at 4τl.
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Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

-Time Reversal :   

-Particle -Hole  :

Unitary (chiral) symmetry :  
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8 antiunitary symmetry classes

“complex”!
K-theory

“real”!
K-theory!
(KR-theory)

Periodic Table of Topological Insulators and Superconductors

Classification of fully gapped topological phases

• Topological invariants: Chern numbers and winding numbers
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