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O

[pictures courtesy Lanzara and S. Zhang et al.]



Zoo of topological materials

Cr-doped (Bi,Sb)2Tes

Chern | the B phase of 3He
insulator \\ Tan \\
Quantum spin ——

chiral p-wave

Hall state — |
HoTe/GdTe / \ W superconductor
guantum wells

[ —— P SroRuO4

[pictures courtesy Lanzara and S. Zhang et al.]

3D topological 1D p-wave
insulator o e—o s—o o—..—0 o SUperconductor
Bi>Ses AKLT InSb-nanowire
N heterostructures
—L9—€9—9—9

Haldane AFM spin-1 chain
Over the last years, the number of known topological materials has exploded

? Can we bring some order in this zoo of topological materials?
O



Classification of chemical elements
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——> prediction of new elements: Ge, Sc, Tc, Ga

? Can topological materials be classified in a similar fashion?



Topological insulators and superconductors

1. Topological band theory
- What is topology?
- SSH model (polyacetylene)

2. Chern insulators and IQHE
- Integer quantum Hall effect
- Chern insulator on square lattice

3. Topological insulators w/ time-reversal symmetry

- Quantum spin Hall state
- Zo invariants in 2D & 3D

4. Topological superconductors
- Topological superconductors in 1D & 2D
- Topological superconductors w/ TRS

5. Classification scheme and topological semi-metals
- Tenfold classification of Tls and SCs
- Topological semi-metals and nodal superconductors
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1st lecture: Topological band theory

1. Introduction

- What is topology?
- Bloch theorem
- Topological band theory

2. Topological insulators in 1D

- Berry phase

- Simple example: Two-level system

- Polyacetylene (Su-Schrieffer-Heeger model)
- Domain wall states



What is topology?

The study of geometric properties that are insensitive to smooth deformations

For example, consider two-dimensional surfaces in three-dimensional space

Closed surfaces are characterized by their genus g = # holes

g=_ g=1

» Topological equivalence:
Two surfaces are equivalent if they can be continuously
deformed into one another without cutting a hole.

» topological equivalence classes distinguished by genus g (topological invariant)

topological invariant
Gauss-Bonnet Theorem

Genus can be expressed in terms of an integral / kdA = 47(1 _ g)/
of the Gauss curvature over the surface g



Band theory of solids and topology

Bloch’s theorem: consider electron wavefunction in periodic crystal potential
crystal momentum

Electron wavefunction in crystal  |i,) = " |u,,(k)) ~__<— Bloch wavefunction
has periodicity of potential

Bloch Hamiltonian ~ H (k) = e **"He ™" H(k) |un(k)) = E,(k) lun(k))
ky
A
T/a
k € Brillouin Zone T T T ky =
—7/a
Band structure defines a mapping: \ /
Brilloyi , X H(k) Hamiltonians A I gap
rnouin zone | 7 with energy gap 5 /\
()
Topological equivalence: T BN
o ———
Band structures are equivalent if they can be continuously —7/a T/a

>

deformed into one another without closing the energy gap Momentum &



Topological band theory

e Consider band structure with a gap: N\ DLy
H (k) [ () = Ea(k) [ua (k) I /\I gap
>
— band insulator: EF between conduction and valence bands L‘:ZJ’
— superconductor: band structure of Bogoliubov quasiparticles lﬁ
—7/a T/a

e Topological equivalence: >

crystal momentum k..

Two band structures are equivalent if they can be continuously
deformed into one another without closing the energy gap

and without breaking the symmetries of the band structure.

> symmetries to consider:

— particle-hole symmetry, time-reversal symmetry
— reflection symmetry, rotation symmetry, etc.

> top. equivalence classes distinguished by: v Berry curvature

topological invariant (e.g. Chern no): nz = % /]—“dk c Z

filled
states



Topological band theory

e Consider band structure with a gap: N\
H (k) [un(k)) = By (k) |un(k)) I I gap
>
— band insulator. EF between conduction and valence bands L‘I’ZJ’
— superconductor. band structure of Bogoliubov quasiparticles lﬁ
—7/a T/a

e Topological equivalence: >

crystal momentum k..

Two band structures are equivalent if they can be continuously
deformed into one another without closing the energy gap

and without breaking the symmetries of the band structure.

> symmetries to consider:

— particle-hole symmetry, time-reversal symmetry
— reflection symmetry, rotation symmetry, etc.

> top. equivalence classes distinguished by: v Berry curvature

topological invariant (e.g. Chern no): nz = QL /]—“dk c Z
T
filled
e Bulk-boundary correspondence: states

Inz| = # gapless edge states (or surface states)



Band theory and topology

Berry phase: l glu(k))
Phase ambiguity of wavefucntion  |u(k)) — "% |u(k))
U(1) fiber bundle: to each k attach fiber {g|u(k)) | g € U(1)} T u(k))

define Berry connection: (like EM vector potential)

under gauge transformation:
u(k)) — '™ Ju(k)) == A=A+ Vidy

Berry phase: (gauge invariant quantity)

. o= ¢ A-dk
change in phase on a closed loop C
s, s,
Berry curvature tensor: (gauge independent)  Fuv(k) = o~ Ay (k) — o — A (k)
v 1%
For 3D: f — Vk; X A F,Lu/ — Eluyﬁff StOkeS: YO = /f - dk
S

Topological invariants of band structures:

Topological property of insulating material Z Z / T2k
given by Chern number (or winding number): 2T



Berry phase for two-band model

Two-level Hamiltonian: H(k) = d(k)-o = (dw +ud,  —d, >

param. by spherical coord.: d(k) = |d|(sin # cos ¢, sin # sin ¢, cos 0)

two eigenvectors with energies FE. = +|d| (north pole gauge)

)= (8 ) = (T )

27(] __ solid angle
Berry vector potential: (gauge dependent) swept out by d(k)
Ag =1 <u,;‘ Oy ‘u;> =0 Ay =1i(ug|0y |ug ) = sin®(0/2)
sin 0
Berry curvature: (gauge independent)  Fpy = OgAy — 0pAp = ;
if d(k) depends on parameters k: . _ sin 0 68((6’ Cb)) < Jacobian matrix
T Bk K,y

Simple example: d(k) = k
1k
2 k2

solid angle

1
F = (monopole field) Yo = /S]:@qb d6d¢ — 5 (swept out by d(k))



Polyacetylene (Su-Schrieffer-Heeger model)

Su-Schrieffer-Heeger model . H H

describes polyacetylene [CgHg]n

Hamiltonian: - H H ®
H = Z {(t +6t)cy cp, + (t — 5t)cjr4i+1cBi + h.c.}

phonons lead to Peierls instability —> finite Ot

two degenerate ground states:

51>0 °XN, A NUVSIN Lo

o
ot<0 "N . Z \ ~Z#

in momentum space:  H(k) = d(k) -

d.(k) = (t 4+ 0t) + (t — 0t) cosk d, (k) = (t — t) sink

[Su, Schreiffer, Heeger 79]
H H H

H H -n

ap

>

i
/*

Energy

—7/a )w/a

Momentum k.,

d. (k) =0

Sublattice symmetry: o, H(k) + H(k)o, =0 ——> d. =0 (energy spectrum is symmetric)

Energy spectrum:  Ey = £|d| = £v2+/t2 + (6t)2 + [t2 — (61)2] cos k



Polyacetylene (Su-Schrieffer-Heeger model)

Su-Schrieffer-Heeger model describes polyacetylene [CoHs]

5t>0 * N Bl ‘N U
0 IN, AY, i TN,
51<0 N 2N, 2N, 2"\, ~Z"~
HE) =d(k) o= (0 ME)
h(k 0 d
‘\y
d.(k) = (t + ot t — 0t k d(k)
(k) = (t + 0t) + (t — 6t) cos S, e
dy(k) = (t = 8t)sink  d (k) =0 ~
. ) 4 d,
Wlndlng no: 11 = —/dkTr [q 8kq} A
2T d(k) ;
A z
Q(k):% JF): S S m(SH) =7 =

Provided d, = O (required by sublattice symmetry) states
with ot > 0 and ot < 0 are topologically distinct

Gap

Fy = +[d| j
A

Ry A
5 v 1
s
—7/a )7r/a,
Momentum K,
ot >0 :
Berry phase O
V1 — 0
0t <0 :

Berry phase 7T
V1 = 1



Domain Wall States in Polyacetylene

[Su, Schreiffer, Heeger 79]

Domain wall between different topological states [Jackiw, Rebbi]

has topologically protected zero-energy modes
P 9 yPp 9y zero-energy state

at domain wall
e 0>0 o 01<0 o

z \cé.\ -~ %o/ ko

o o
Effective low-energy continuum theory: (expand around kg = ) k — —i0,
H(z) = —i0,0; + m(z)o, m(z) = 20t

Dirac Hamiltonian with a mass:  E(q) = +v/q2 + m?2
Sublattice symmetry (“chiral symmetry”): {o,,H}=0 — 0, |¢Yg) = |Y_E)

Consider domain wall:
T / /
zero-energy state Ansatz for boundstate: g = ye™ Jo m(z")dz

m > 0 4; at domain wall

N

HZﬂO:OiX:((l))

m <0
v =20 v =1

Bulk-boundary correspondence: Av = |vr — vL| = # zero modes (topological invariant
characterizing domain wall)



