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5th lecture

1. Symmetries & ten-fold classification

- Symmetry classes of ten-fold way
- Dirac Hamiltonians and Dirac mass gaps
- Periodic table of topological insulators and superconductors

2. Topological semi-metals and nodal superconductors

- Momentum-dependent invariants
- Examples: Weyl semi-metal, Weyl superconductors, etc.
- Classification in terms of global symmetries



Symmetry classes: “Ten-fold way”

(originally introduced in the context of random Hamiltonians / matrices)

=== time-reversal invariance: T =UrK (is antiunitary)
T YH(—K)T = +H(k)

0 no time reversal invariance
T - +1 time reversal invariance and T2 — +1
-1 time reversal invariance and

complex conjugation
===  particle-hole symmetry (=): C=UcsK 45

C 'H(-k)C = —H(k)

[I]

0 no particle-hole symmetry
C - +1 particle-hole symmetry and (C? = +1
-1 particle-hole symmetry and (% = —1
"y . .
~ In addition we can also consider the
“sublattice symmetry” SxTC <<> e T
S: SH(k)+H(k)S =0 .X,\ %F

Note: SLS is often also called “chiral symmetry”



Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

- time-reversal: TH(K)T ' = +H(—k); T? = +1
- particle-hole: CH(k)C™' = —H(-k); C* =41 / tenCslggrer;etry
- sublattice: SH(k)S™ = —H(k); S o< TP
Symmetry
Class | T" ¢ 5 “Bott clock”
L A |0 0 O 72
¢ Al [0 0 1 A
S & Al |1 0 0 Cl Al BDI
59 BDI |1 1 1 — 17 1
Sk D |0 1 O
8§ { ol |4 1 1 cl A fan [p >
=S Al [-1 0 0
<
5 ci |1 -1 1 | |
. ¢ |0 10 cil Tar o
cl |1 -1 1




Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

- time-reversal: THK)T ' = +H(-k); T? = +1
) . _ 1 a0 L. 2 ten symmetry
particle-hole: CH(k)C™" = —H(-k); C*==+1 classes
- sublattice: SH(k)S ' = —H(k); S < TP
Symmetry
Class | T C S
o [ A O 0 O
0 Al |0 0 1
ol B
T cc_g BADI ’ (1) (1) For which symmetry class and
£ £ 5 lo 1 o dimension is there a topological
= < DIN |1 1 1 — insulator/superconductor?
S S Al |1 0 o0
<
= ClII -1 -1 1
Tl ¢ |o 10
ClI 1 -1 1




Symmetries and Dirac Hamiltoniacps

Dirac Hamiltonian in spatial dimension d : H(k) = Z kivi + mo Ei = i\ m?2 + Z kd

* Gamma matrices ~y; obey: {7, } = 20;; 1 =20,1,...,d

* TRS, PHS and chiral symmetry lead to the conditions:

Y0, 1] =0 {viz0, T} =0
{70,C} =0 |7i#0,C] =0

» Topological phase transition as a function of mass term 1m7g

{7,585} =0

n=1 n=0

>
m < 0 - m >0

are there extra symmetry preserving mass terms M~ 1
s that connect the two phases without gap closing?

d
{’Yd+1,’}/i}:() 7’:07172 Ei:i\m2+M2+Zk§i

1=1

NO: topologically non-trivial YES: topologically trivial



Symmetries and Dirac Hamiltoniacps

1=1 i=1

Dirac Hamiltonian in spatial dimension d : H(k) = Z kivi + mo Ei = i\ m?2 + Z kd

* Gapless surface states (interface states):  k; — ¢9/0r
m<0 , m>0
H = 70 (mﬂ o Z’YOde ) + Z kz’Yz :
n=1 y n=0
surface state ¢: Y0P = £ : >
rqg <0 ; rq > 0

surface Hamiltonian:  Heut = Y k; Py, P P (i ) /s
' = W= 07d

gapless surface spectrum: E=

d—1
surf — i\ Z sz
i=1

* Presence of extra symmetry preserving mass term implies gapped surface states
— extra mass term projected onto surface is non-vanishing

MP~v4+1P  anti-commutes with P~;P i=1,...,d—1

—> gapped surface spectrum



Dirac Hamiltonian in symmetry class Alll

* Topological phase transition as a function of mass term 790

=
-
S

S = o SH(k)+H(k)S =0
e One-dimensional Dirac Hamiltonian with rank 2:
H(k) = kos + moo
— no extra symmetry preserving mass term exists

—> class Alll in 1D is topologically non-trivial

. . N
— space of normalized mass matrices V;1 ,—o = {£02}



One-dimensional Dirac Hamiltonian in symmetry class All
T 'H(—K)T = +H(k) T? = -1

*Dirac matrices with rank 2:
H(k) = kos T =iooK
— no symmetry-allowed mass term exists = impossible to localize
(01 and o9 violate TRS)

— describes edge state of 2D topological insulator in class All

*Dirac matrices with rank 4:
H(k):k03®7'1—|—m00®7'3 TZiO'Q@TQ/C

— extra symmetry preserving mass term:  Mog ® 1
—> class All in 1D is topologically trivial

— space of normalized mass matrices
Vol =M -X|M*=1}=S" Rs: U(2N)/Sp(N)
M= (m,M), X=(09g®T3,03R72)

e connectedness of space of normalized Dirac masses: 7o(f3) =0



Two-dimensional Dirac Hamiltonian in symmetry class All
T 'H(—K)T = +H(k) T? = -1
e Dirac matrices withrank 4: 1T = 109 ® 179/
H(k) = k103 ® 71 + koog ® o + mog ® T3
— no symmetry-allowed mass term exists = topologically non-trivial
(01 ® 11, 02 ® 11 violate TRS)

e “Doubled” Dirac Hamiltonian:

_ (H(k) 0 ” _
7‘[2(1{) —( O ?_A['Lw}\(k)) s 7)‘6 {_|_17 1}

A

/H,u,/)\(k) = ,LLk10'3 %4 T —+ V:ZCQO'O 024 ) —+ )\mO'Q 029 T3
— extra symmetry preserving mass terms:
eg. foruy=+rv=4+, A=4:0207 ® 81, 01 ® Ty R 89

—> gapped surface spectrum
—> class All in 2D has Z> classification

— space of normalized mass matrices: Ry = O(2N)/U(N) mo(Re) = Zs



Dirac Hamiltonian in symmetry class A

e One-dimensional Dirac Hamiltonian with rank 2:

H(k) = ko1 + moo + pog
— extra symmetry preserving mass term: Mo3

— class Ain 1D is topologically trivial

— space of normalized mass matrices
Vf;lﬂtz = {1 cosf + m3s8in 6|0 < 0 < 27} = st Oy U(N)
— connectedness of space of normalized Dirac masses:  mo(C7) =0
» Two-dimensional Dirac Hamiltonian with rank 2:
H(k) = kyor + kyoy, + mo, + oo
— no extra mass term exists —> class A in 2D is topologically non-trivial

— describes two-dimensional Chern insulator
e Two-dimensional “doubled” Dirac Hamiltonian:
Ha(k) = H(k) ® 79

— no extra gap opening mass term exists —> topologically non-trivial

= indicates Z classification



Homotopy classification of Dirac mass gaps

* The space of mass matrices V;j,._ belongs to different

classifying spaces Cs_4 (for “complex class”) or Rs_4 (for “real class”)

— the relation between AZ symmetry class and classifying space is as follows:

classifying space 7o (*) 1D AZ class 2D AZ class
Co UN_o{U(N)/[U(n) x U(N —n)]} Z AIII A
C1 U(N) 0 A ATIT
Ro UN_o{O(N)/[O(n) x O(N —n)]} 7 BDI D
R O(N) Lo D DIII
Ro O(2N)/U(N) Zo DIII ATl
Rs U(N)/Sp(N) 0 AIl CII
R4 Un=0{Sp(N)/[Sp(n) x Sp(N —n)]} Z CII C
Rs Sp(N) 0 C CI
Re Sp(2N)/U(N) 0 CI Al
R~ U(N)/O(N) 0 Al BDI

* The 0th homotopy group indexes the disconnected parts
of the space of normalized mass matrices

WQ(V) =0 WQ(V) :ZQ
Trivial phase

WQ(V):Z
..... .....



Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

<
- time-reversal: THK)T ' = +H(-k); T? = +1
) . _ 1 _ 901 2 _ . ten symmetry
particle-hole: CH(k)C H(—k); C* = +1 Classes
- sublattice: SH(k)S™ = —H(k); S o< TP
Chern insulator
Symmetry dim _ —
Class | T C S| 1 2 7, - integer classification
A |0 O 0l 0 zZ%<0 7.o- binary classification
. @ [ Al lo o 1172 o 7 0 :no topological state
g§ Al ooy 09 olyacetylene
@©
39 BDI |1 1 1| Z<0S 0 POyately
= = < D |0 1 0[Zy, Z O
= DUl |1 1 1|2y Zo Z 2D topological insulator w/ SOC
£
=9 Al 110 00 Zﬂ-{@’SD topological insulator w/ SOC
<5 cih |1 -1 1|2 0 Z
T C |0 -1 0|l0 Z O
Cl 1 -1 110 0 Z

Schnyder, Ryu, Furusaki, Ludwig, PRB (2008) A. Kitaev, AIP (2009)



Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

- time-reversal: TH(K)T ' = +H(—k); T? = +1
. _ ten symmetr
- particle-hole: CH(k)C™' = —H(-k); C* =41 / clgsses y
- sublattice: SH(k)S™ = —H(k); S o< TP
Symmetr dim
Classy T g sl1 2 3 7, - integer classification
/ A 10 O Ol0 Z 0 7. binary classification
. @ Al lo o 117z o 7 0 :no topological state
g § Al |1 0 00 0 O
8 x BDI W1 1 1) Z O ‘% chiral p-wave superconductor (Sr2RuOa)
N & < D |0 1 0|Z Z #*0 o )
e § DIl | -1 1 1|2, 7, 7 < S TRItopologicaltriplet SC (*He B)
=9 Al |-1 0 0|0 Zy Z |
< c cn -1 14 1172 o K chiral d-wave superconductor
Tl ¢ |o 1 0|0 z
Cl i -1 170 0 Z




Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

- time-reversal: THK)T ' = +H(-k); T? = +1
- particle-hole: CH(K)C™' = —H(-k); C? =41 / ten;ggr::try
- sublattice: SH(k)S™ = —H(k); S o< TP
Symmetry Spatial Dimension d
Class | T C S| 1 2 3 4 5 6 7/ 8
. A0 0O 0[O0 zZ 0 zZ 0 zZ 0 Z
0 Al O 0 1|Z 0 Z 0 Z 0 Z O
g § Al [1 0 0]0 0 0 Z 0 Zy 7o Z
S 3 BDI |1 1 1|Z 0 0 0 Z 0 Z Z
S £ < D |0 1 0/Z, Z 0 O O Z 0 Z
T = DIl |1 1 1|Zy, Zo Z 0 0 0 Z O
S S Al |4 0 0|0 Z Z Z 0 0 0 =Z
< c ch |1 1 1|2Z 0 Zy Za Z 0O 0 O
T c |o 1 0|0 Z 0 Z, Z, Z 0 O
Cl |1 1 110 0 Z 0 Zy Zos Z O




Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

Symmetry Spatial Dimension d

Class | T' C S | 1 2 3 4 5 6 7 8

./ ATJO0O 0 0[O0 Z 0 Z 0 Z 0 Z
0 Al |0 0 1|/Z 0 Z 0 Z 0 Z 0
g § Al |1 0 0l0 0 0 Z 0 Zy 7, Z
S 3 BDI |1 1 1|Z 0 0 0 Z 0 Zy Z
S E < D |0 1 0|Z, Z 0O 0 0 Z 0 Z
T = DIl |1 1 1|2y Zo Z O O O Z O
S s Al |1 0 0/0 Z, Z Z 0 0 0 Z
< o ch |1 1 1|2 0 Zy Zo Z 0O 0 O
T Cc |0 1 0|0 Z 0 Zy Zo Z 0 O
cl |1 1 1]0 0 Z 0 Zy Zs Z O

* Topological invariants: Chern numbers and winding numbers

: iF\" T
mn — t 21
Ch —|—1[F] (,n + 1)' /Bzd2n+2 ' (27T>

n : n—+1
Vo 1[Q] _ (_1) n! L " / 12 ¢, [q—la q - q—la q-- ] d2n+1]€
nr (2n 4+ 1)! \ 27 57 o @2




Extension I: Weak topological insulators and supercondutors

P strong topological insulators (superconductors): Symmetry Dimension
not destroyed by positional disorder AZ T C S|1 2 3 4
Al O O 0|0 zZ 0 =z
P> weak topological insulators (superconductors): Al 0 0 1 ]2 0 7 0
only possess topological features ALl 1 0 0] 0 0 0 Z
when translational symmetry is present BDI| 1+ 1 1) Z 0 0 0
D/ 0o 1 0 |Z Z 0 0
=== Weak topological insulators (superconductors) oy -1 11 1 7, 7, Z 0
are topologically equivalent to parallel stacks of lower- ALl -1 0 0] 0 Z Z Z
dimensional strong topological insulator (SCs). chjp -1t 1 11 Z 0 Z; Z
C/, 0 -1 0|0 Z 0 Z
co-dimension k=1 co-dimension k=2 chry+ -1 10 0 Z O

A » == d-dim.weak topological insulators (SCs)
2N of co-dimension k can occur whenever there

exists a strong topological state in same

symmetry class but in (d-k) dimensions.
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d top. invariants 0< k<d

cf. Kitaev, AIP Conf Proc. 1134, 22 (2009)



Extension ll: Zero mode localized on topological defect

Protected zero modes can also occur
at topological defects in D-dim systems

P Point defect (r=0): Hedgehog (D=3),
vortex (D=2), domain wall (D=1)

\/ o /
~ ~ A\ /

T

T

T
'4—-‘(‘;””——* — - - X — — —

'

'

:

AT
/ \
P Line defect (r=1):

dislocation line (D=3)
domain wall (D=2)

NN
\

\

P Two-dim defects (r=2): domain wall (D=3)

Freedman, et. al., PRB (2010)
Teo & Kane, PRB (2010)

Ryu, et al. NJP (2010)

Symmetry Dimension
AZ T C S 1 2 3 4
A 0 0 0 O 72 0 Z
Alll | 0 0 1 Z 0 7Z 0
Al 1 0 0 O 0 0 Z
BDI | 1 1 1 Z 0 0 O
D 0 1 O | Z 7Z 0 O
DIl | -1 1 1 Zo 7o Z O
All | -1 0 0 0 Zo 7o Z
ci| -1 -1 1 Z 0 Zo Zs
C 0 -1 0 O 7Z 0 Z
Cl 1 -1 1 O 0 7z O

Can an r-dimensional topological defect of a
given symmetry class bind gapless states or
not?

=== |00k at column d=(r+1)
(answer does not depend on D!)

line defect in class A:
n = 1 Tr[F A F]

812 T3 % S1

(second Chern no = no of zero modes)



Topological semi-metals
and nodal superconductors




Topological nodal superconductors

? How about topology of nodal superconductors
s and semi-metals?

P Problem: Global topological number ill-defined (no gap!)

Solution: (assume translational symmetry)

=== Define momentum-dependent
topological number

nodal ring

Dirac point
| /A

Kz

C does enclose Fermi point

W+ = 4+1 = topologically stable



Topologically stable point nodes in dx2.y2 -wave SCs

» Consider d,2_,2 -wave superconductor kx
H(k) = <+5k Ak) A = Ag(cosk, — cosk,) +1
Ak —E&k

Satisfies time-reversal symmetry T and particle-hole

symmetry C ky

Combination of particle-hole symmetry and time-reversal +1 -1

symmetry gives

SH(k)ST = —H (k) with S=TC = o,
L . . y 0 Ex — 1A

In basis in which S'is diagonal (k) takes off-diagonal form: H(k) = e+ iAL 0
er + 1A

Spectrum flattening: q(k) = b > kz Consider: ¢(k): S — S*
Ver + AL

m(S') = Z === nodal points are protected by one-dimensional winding number:

1 U e e
We=—— ¢ dk, Tr [¢ ' Oyq] = 1 Note: W, is invariant under

2T J ¢ path deformation.




Topologically stable point nodes in dx2.y2 -wave SCs

» Consider d,2_,2 -wave superconductor
H(k) = ek D A = Ag(cosk, — cosk,)
Ak —E&k

Satisfies time-reversal symmetry T and particle-hole
symmetry C

Combination of particle-hole symmetry and time-reversal
symmetry gives

SH(k)ST = —H (k) with S=TC = o,
In basis in which .5 is diagonal H (k) takes off-diagonal form: AL 0
_ Ek T+ ZAk _ 1 1
Spectrum flattening: q(k) = > > Consider: q(k): S* — S
Ver +AF

m(S') = Z === nodal points are protected by one-dimensional winding number:

1 U e e
We=—— ¢ dk, Tr [¢ ' Oyq] = 1 Note: W, is invariant under

2T J ¢ path deformation.




Topologically stable point nodes in dx2.y2 -wave SCs

P> [Bulk-boundary correspondence:

1
W@ — dkl Tr [q_lﬁqu] —

— , +1
271 L

P> Zero-energy surface states on all edges except
the (10) and (01) face.

B 4 = _.—-"':_' . "-.-________ _______—-'-" . ::_"-—:___
-1t —TT/2 O T/ 2 7T
ky'
[cf, Hu, PRL 94, Wakabayashi et al. ‘05]



Topologically stable point nodes in dx2.y2 -wave SCs

P> (Bulk-boundary correspondence:| zero-energy flat bands on surface of dx2_y2 SC

: 10 T T T T T T T T T
P> Experimental | {110} STM junction sof Mied symmeiry modeis ]
observation in 8 —Aj_ (110} point contact | 8 o T
high-Tc cuprates: g .10 < e | [Wei et al. PRL "98]
— -2 ol 4r l 17
g '% 1 e | | 2F d+s 17
£ 4_— e sow o || Cw e e s 4| [Kashiwaya et al. °95, Alff et al. °97]
% o d-wave fit: Z=3.3, f=n/8 ” -
% i 8y=27 meV 1
0

-100 -50 0 50 100
V (mV)



Weyl semi-metal
e Weyl Hamiltonian:  #H (k) = N(k) - & o

N(k) = vp(kg, by, k) '

e No symmetries: => class A
unit skyrmion texture

* Topologically stable Wey! points . N(k)
— Weyl nodes are sources/drains of Berry flux Experimentally realized in: TaAs and NbAs
[Su-Yang Xu et al., Science 2015]
e Fermi arc surface states Fermi arcs
e(K) -0.2 1
T 04 - ol
Q%
0.6 -
| , : —E+AE
0.1 00 0.1

k. (A1)



Weyl superconductor: 3D chiral p-wave superconductor

aka Anderson-Brinkman-Morel state A phase of SHe

1 C
[ ] L] — — T k
Lattice BAG model: Hpgg = 5 zk: (Ck C—k) Hpac (CT_I)

Hpac (k) = N(k) - 7 N(k) = (Aoks/kr, Aoky /kr, hi)

* Particle-hole symmetry: C~'Hpag(—k)C = —Hpaca(k) C = K7, \/\
C?=+4+1 = class D Weyl point

unit skyrmion texture

® Topologically stable Weyl points 1 , 4; N (k)
protected by Chern number: N = i d°kny - [Og, Nk X O, k] = +1  ny =
mJc

¢ Bulk-boundary correspondence: surface arc connecting the projected nodal points

15
10k
0.5

0.6

0.3

Surface spectrum in slab
geometry with (111) face

S
\O
>

-0.3




Weyl superconductor: 3D chiral p-wave superconductor

Chern number can be rewritten in terms of Berry curvature F'(k)

1
N=_— /dkxdky F.(k) = %1

27

with F(k) = Vi x A(k) and A(k) =i (u_ (k)| Vi [u_ (k)

A2k2 k. k.,
Fw(k) — L 3
A2 2
p (K2 = k)2 + KR (k2 4 R2)| |
Weyl point
A2k% k., k.
Fy(k) — Y 3
A2 2
p2 | (k2 = k3)2 + SER3 (k2 + 12 Berry curvature:
A2E2 (B2 — k2 _ 12 _ 12 R e LU I JF 2SS
F.(k) = ok (ks = K — ky = k) 5 I o -
2 (k2 — k3)2 + Shk (k2 + K2)| 7 Y, N
P e s 0 s N
$ 0 R
TR
e Weyl nodes are sources and drains of Berry curvature 05 . | L A
_1.0_\\\\\\\//////;_
x\\\*\»/r/ \‘\ - A & M
* Berry flux of 27 flowing from one Weyl node to the other 15 R s
-1.5-1.0-05 00 05 10 1.5

x/ kF



“Double” Weyl superconductor: 3D chiral d-wave SC

possible experimental realizations: URu2Siz, SrPtAs

1 c
[ u — —_— 1. k/l\
Lattice BAG model: Hpqg = 5 zk: (CkT C_k¢) Hpac (cT_k)

Hpac(k) = N(k) -7 N(k) = (Ao(k; — k) / k5, 2D0koky /K7, hi)

PHS and SU(2) spin-rotation symmetry = class C 2 S

® Topologically stable double Weyl points
protected by Chern number:

1
Ne = A 7{ d’k ny - Ok, Ny X O, M| = £2 nE = ———
-

¢ Bulk-boundary correspondence:
two spin-degenerate arc surface states



“Double” Weyl superconductor: 3D chiral d-wave SC

Chern number can be reexpressed in terms of Berry curvature F (k)

1
N=_— / dkydk, F.(kK) = £2

27

with F(k) = Vi x A(k) and A(k) =i (u_ (k)| Vi [u_ (k)

2NZk k. (K2 + k2)

Fyp(k) = 3
2 (12 _ 1.2\2 o B8 (1.2 | 1.2)2] 2
NGk k- (k2 + k) double Weyl points
Fy(k> — " 5
2 [(k2 —kE)? + 2 (k2 + kS)Q} Berry curvature:
. — .
A2 (K2 — k2 (k2 + K2 o ey, ol
S e S S S A =
2 2 Vv B A N
p? [(kQ—k%)2+%(k%+k5)2r O A P
PN RS R
NIRRT AR A AR
Losh VR VR B
. \\\\(\\‘¥¢//)///A
* Weyl nodes are double anti-monopoles of the Berry curvature  -10 ;::;;;> < -
QAR NI
-1.5-1.0-05 00 05 1.0 1.5
kx/kF



Nodal non-centrosymmetric superconductors

[E. Bauer et al. PRL '04]

e | ack of inversion causes anti-symmetric SO coupling:

Normal state: H = Z \If;f{ (exoo + |8k| 03) V)

SO coupling for C4y point group: gg = k,& — k,y

e | ack of inversion allows for admixture of spin-singlet
and spin-triplet pairing components

Ak = (Agoo + Ay d - &) io,

Gaps on the two Fermi surfaces:

(9x || dy )

+
Af = A, -

~ /\p ’dk‘

@G—O

,‘ - Si




Nodal non-centrosymmetric superconductors
[E. Bauer et al. PRL '04]

e | ack of inversion causes anti-symmetric SO coupling:

Normal state: H = Z \If}; (exoo + |8k| 03) V)
k

SO coupling for Cs, point group: gi = k,& — k.Y

e | ack of inversion allows for admixture of spin-singlet
and spin-triplet pairing components

Ak = (ASUO + Ay dy - 5) in (gr || di)

- . =
Gaps on the two Fermi surfaces: | Ay = A, + A, |dy|

A3>At ASNAt A3<At

full gap line nodes full gap

negative
helicity FS




Nodal topological superconductors

Consider nodal topological superconductor

ExO0 + Ak -0 [Agop + Aydy - 5]@%))

Non-centro SC: Hpaa(k) = (

Spin-split Fermi surfaces: flf = €Kk T )\\gk\

Gaps on the two Fermi surfaces:

A, > A

negative helicity
Fermi surface

full gap

A, ~ A; —> nodal lines on negative helicity FS

(—ioy)|Asog + Ardy - 7] —Exk00) — AZk - 0"

+
A=A, -

A, < A

line nodes full gap

N/

Topologically non-trivial



Nodal topological superconductors

Ak,

P Topological characteristics
depend on the symmetries of
BdG Hamiltonian restricted to
contour .

dy, = (sin k. + sin ky, sin k., + sin ky, SIN kz)T
A, ~ A

Classification

Symmetry dim

Class | T P S| 1 2 3
A O 0 0|0 Z O
Al |0 0 1] Z 0 Z
Al 1 0 00 O O
BDI |1 1 1] Z 0 O
D O 1 02, 7Z 0
DIl |1 1 1 |Zy Zo Z
All 1 0 0| 0 Zo Zo
Cll 1 -1 11 Z 0 Zs
C O 1 0|0 Z O
Cl i1 -1 110 0 Z

If 1D contour is not centrosymmetric: TRS x PHS x TRS+PHS (chiral sym S) \/

Alll: 1D Winding number: 2D surface
1

We = 27r dkl Ok, [arg(gk + 1A, )]

flat band surface states

Brillouin zone

trivial = 0

non-trivial = +/-1

3D Brillouin zone

//\

1D class Alll Hamiltonian
[picture by P. Brydon]




Classification of topological nodal superconductors

in terms of global symmetries (TRS, PHS, SLS)
Zhao, Wang, PRL 2013

» Classification of topological nodal semimetals Matsuura, Schnyder, et al. NJP 2013

and superconductors depends on:

e symmetry of Hamiltonian (TRS, PHS, SLS)

—> symmetry classes of ten-fold way
e co-dimension p = d — dpg of Fermi surface ( dgg: dimension of Fermi surface)

* how Fermi surface transforms under global symmetries

(i) Fermi surface is invariant (1) Fermi surfaces pairwise
under global symmetries related by global symmetries

A
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Gapless Dirac Hamiltonians

(i) Fermi surface is invariant under global symmetries
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are there symmetry preserving mass terms M~4.41
s that open up a gap in the spectrum?
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NO: topologically non-trivial YES topologically trivial

— to distinguish between Zs and Z classification
consider doubled version of Hamiltonian

(ii) Fermi surfaces pairwise related by global symmetries
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— semi-metal with (d — p)-dimensional Fermi surface



Classification of topological nodal superconductors

(l Fermi surface is invariant p=d — dps
under global symmetries

classification of Fermi classification of fully gapped
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Classification of topological nodal superconductors

(l Fermi surface is invariant
under global symmetries

classification of Fermi

points with dpg = 0
in d dimensions

-

p=d — drs

classification of fully gapped
topological materials

in d+1 dimensions
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Classification of topological nodal superconductors

(l |) Fermi surfaces pairwise related p=d — dpg
by global global symmetries

classification of Fermi classification of fully gapped
pointswith dpg = 0 | <l topological materials
in d dimensions in d-1 dimensions

off high-sym. point 1 C S | p=1 p=2 p=3 p=4 p=>5 p=6  p=7  p=8
A 0 0 0] Z 0 Z 0 2z 0 Z 0
ATIT 0 0 1] 0 Z o z 0 Z 0 Z
Al +1 0 0| Z 0 o 0 222 0 z)¥ z?®
BDI +1 41 1|z 7 o o 0 222 0o 7z
D 0 +1 0 |zZ® zZ,t% zZ 0 0 0 2Z 0
DIII -1 41 1|0 zZ¥ zZ oz o 0 0 2Z
ATl -1 0 o022z o z 7z oz 0 0 0
CII -1 -1 1|0 22 o z¥ zZ¥ zZ 0 0
C 0 -1 0] 0 0o 2z o0 z oz oz 0
CI +1 -1 1] 0 0 0o 22 o z ozl 1z

Zhao, Wang, PRL 2013 Matsuura, Schnyder, et al. NJP 2013 Chiu, Schnyder PRB 2014



Classification of topological nodal superconductors

(l |) Fermi surfaces pairwise related p=d — dpg
by global global symmetries

classification of Fermi classification of fully gapped

pointswith dpg = 0 | <l topological materials
in d dimensions in d-1 dimensions
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