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Exploring the phase diagram of the two-impurity
Kondo problem
A. Spinelli1, M. Gerrits1, R. Toskovic1, B. Bryant1, M. Ternes2 & A.F. Otte1

A system of two exchange-coupled Kondo impurities in a magnetic field gives rise to a rich

phase space hosting a multitude of correlated phenomena. Magnetic atoms on surfaces

probed through scanning tunnelling microscopy provide an excellent platform to investigate

coupled impurities, but typical high Kondo temperatures prevent field-dependent studies

from being performed, rendering large parts of the phase space inaccessible. We present a

study of pairs of Co atoms on insulating Cu2N/Cu(100), which each have a Kondo

temperature of only 2.6 K. The pairs are designed to have interaction strengths similar to the

Kondo temperature. By applying a sufficiently strong magnetic field, we are able to access a

new phase in which the two coupled impurities are simultaneously screened. Comparison of

differential conductance spectra taken on the atoms to simulated curves, calculated using a

third-order transport model, allows us to independently determine the degree of Kondo

screening in each phase.
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T
he coupling of individual magnetic atoms to the
itinerant host electrons of a metal substrate can
lead to the formation of a correlated Kondo state in which

the magnetic moment is effectively reduced1. This has been
shown for 3d-atoms on bare metal surfaces2,3 as well as
on thin decoupling layers4,5 and leads to a strong spectroscopic
feature at the Fermi energy. Pairs of magnetic atoms are
considerably more complex because in addition to the Kondo
coupling they can also couple to each other through exchange
interactions mediated by the substrate electrons. Depending on
their spatial distance, this oscillatory Rudermann–Kittel–Kasuya–
Yoshida (RKKY) interaction results in a ferromagnetic (FM) or
antiferromagnetic (AFM) coupling6–8.

As shown in Fig. 1, the competition between these two effects
in combination with an external magnetic field embodies rich
physics ranging from a correlated singlet or triplet state to
complex Kondo states and has been of considerable theoretical
interest for decades9–16. The lower part of this phase space has
previously been investigated experimentally through studies at
zero magnetic field on coupled quantum dots17, molecules18,19

and atoms on top of20–22, as well as buried below23 a metal
surface. In particular, controlled mechanical separation of two
Kondo atoms enabled continuous tuning between the single
impurity Kondo screening and two-impurity singlet phases24.
However, field-dependent measurements have so far been
hampered by high Kondo temperatures for atoms in direct
contact with a metal, resulting in wide resonances that are
impossible to split or recombine with experimentally available
magnetic fields. Kondo temperatures can be reduced by
decoupling the atoms from their host either by means of
molecular ligands19,25 or a thin insulating layer4.

Here we use a low-temperature scanning tunnelling micro-
scope (STM) in ultra-high vacuum to assemble pairs of Kondo-
screened Co atoms on a thin insulating Cu2N/Cu(100) substrate.
By adjusting the relative position and orientation of the atoms on
the underlying crystal lattice we are able to tune their exchange
interaction strength, and by applying magnetic fields up to 8 T we
can access the complete phase space of Fig. 1. Furthermore, by
simulating the spectra using a transport model accounting only
for weak Kondo coupling, we independently estimate the Kondo
screening. We find that when in AFM coupled dimers the field
exactly cancels the exchange interaction, Kondo resonances
are re-established, signifying a phase transition through the
two-impurity Kondo-screened phase.

Results
Spin Hamiltonian. A single Co atom on Cu2N can be described
by an effective spin with magnitude S¼ 3/2, and the crystal
field induced by the surface is such that the two lowest energy
states have magnetization m¼±1/2, degenerate in absence of
an external magnetic field4. Its differential conductance (dI/dV)
spectrum shows a sharp peak at zero excitation voltage,
corresponding to a Kondo resonance with a Kondo temperature
TK¼ 2.6±0.2 K (ref. 4), equivalent to a characteristic Kondo
energy eK¼ kBTK¼ 0.22±0.02 meV, which is much lower than
for single atoms directly on2,3 or inside a metal23. This peak splits
when a magnetic field is applied due to the Zeeman effect
removing the degeneracy of the states with m¼±1/2 (ref. 5). If a
second magnetic atom is placed adjacent to the first, the Kondo
peak splits similarly to when an effective magnetic field is applied;
the intensity of this field scales with the strength of the exchange
interaction between the two atoms26.

To model the differential conductance spectra we use a single
spin anisotropy Hamiltonian in presence of an external magnetic
field B, and we assume isotropic Heisenberg exchange J (ref. 27)

between the atoms in the dimer:

H ¼ JSA � SB�
X

i;m

l2LmmSi
mSi

mþ 2 1� lLmm
� �

mBBmSi
m

� �
: ð1Þ

Here mB is the Bohr magneton and Si refers to the spin on atom
i¼A, B. The parameters Lmm (m¼ x, y, z) come from second-
order expansion of the spin–orbit coupling lL � S (ref. 28) (with
spin–orbit constant l¼ � 21 meV) and represent the extent to
which the angular momentum L (which for a free Co atom has
magnitude L¼ 3) is unquenched along the m-direction. Individual
Co atoms experience a strong hard-axis anisotropy Lxx¼ 0,
Lyy¼Lzz¼ 6.4 eV� 1 along the vacancy direction (x) of the Cu2N
lattice (shown in Fig. 2e), as a result of which the m¼±3/2
doublet is split off by 2l2Lzz¼ 5.6 meV from the lower energy
m¼±1/2 doublet4. When written in terms of the conventional
phenomenological anisotropy parameters D and E (refs 29–31),
this corresponds to D¼ þ 2.8 meV, E¼ 0. In most dimers
studied here, the intra-dimer exchange coupling J, which can be
either AFM (J40) or FM (Jo0), is much weaker than the
anisotropy energy Jj j � l2Lzz

� �
. As a result, each dimer is

characterized by a low-energy quartet that consists of
combinations of m¼±1/2 states of both atoms.

Exchange interaction. For either sign of J, the zero-field energy
difference between the lowest and the highest state of the quartet
is 4J (Fig. 2a,b). In the limit of J being much smaller than the
magnetic anisotropy, the energy difference between the ground
state and the first excited state is B(5/2)J or B(3/2)J for AFM or
FM coupling, respectively. Figure 2c,d show two dI/dV spectra
taken on Co atoms in two different dimers, where each step-like
increase in the differential conductance corresponds to a spin
excitation from the ground state to an excited state, and in which
the two energy scales 4J and 2l2Lzz are clearly distinguishable.
The evolution of the energetically lowest excitation as a function
of magnetic field (in our experiment applied along the transverse
direction y) reveals the sign of J. For AFM coupling, the
step-energy decreases until the critical field Bc¼ (13/8)� J/(gmB)
is reached, (g¼ 2� 2lLyy), at which the ground state and the first
excited state become degenerate (Fig. 2a). At B4Bc these states
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Figure 1 | Phase diagram of the two-impurity Kondo problem. Schematic

phase diagram of two coupled Kondo-screened spins with varying

interaction strength J and external field B transverse to the main anisotropy

axis of the individual spins. Kondo screening occurs in the green shaded

region. When Jj j is small compared with the characteristic Kondo energy eK,

at B¼0 the two spins are independently screened by the substrate

electrons, while for Jj j � eK a non-magnetic singlet or high-spin triplet

state forms. For J40 a sufficient B-field can lead to the formation of a new,

combined correlated state in which both spins are screened.
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change their order and their energy difference increases with field.
For FM coupling, the step-energy will only increase with
increasing field and a crossing between the ground state and the
first excited state does not occur (Fig. 2b).

Following these considerations, we can extract the coupling
value between any two atoms placed on the Cu2N surface through
differential conductance spectroscopy. In Fig. 2e we show the
obtained coupling map with respect to a reference Co atom

drawn in the centre. Depending on the relative distance and
orientation between the atoms in the pair that can be placed only
in specific positions allowed by the substrate, the coupling can be
tuned in strength and sign. The obtained results are in good
agreement with the coupling values that were previously extracted
for Fe dimers32.

In previous experiments33 and theoretical calculations14,34 on
magnetic atoms directly on a metal surface, the dominant
exchange mechanism was found to be RKKY interaction6–8. It is
not known to what extent this is still true in the current case,
where the adatoms are embedded in a covalently bonded
network29 which decouples them from the substrate conduction
electrons mediating this interaction. In Fig. 2f we plot the
extracted coupling value of each dimer as a function of the
absolute separation distance. We classify each dimer by the
number of unit cells separating the Co atoms in the two
symmetry directions of the underlying Cu2N lattice, first stating
the distance along the nitrogen direction (z) and then along
the vacancy direction (x): {N, v}. For all dimers studied except the
{2, 0} type depicted with a different symbol, the coupling
dependence on the distance seems to be qualitatively comparable
to isotropic bulk RKKY (ref. 35), shown in the same figure for
comparative purposes only. A full theoretical treatment of the
RKKY coupling on this composite surface, in which also
anisotropic RKKY interaction36 could play a role, is beyond the
scope of this paper.

In the case of the {2, 0} dimer, the exchange coupling is an
order of magnitude larger than for the equally spaced {0, 2}
dimer. According to isotropic RKKY theory the coupling strength
and sign depend only on absolute distance, and should therefore
be identical for these two dimers. In this particular case we believe
that, in addition to RKKY interaction, superexchange coupling
plays an important role37. Being mediated by the Co–N and
Cu–N bonds separating the two Co atoms, superexchange
coupling should be strongly direction-dependent: every 90�
corner in the coupling path significantly reduces its
magnitude38,39. Of all dimers studied, the {2, 0} geometry is the
only case where the two Co atoms are connected by a series of
bonds without any corner. To further investigate the role of
superexchange interaction, dimers would have to be built in
which Co atoms are separated by a single N atom only, which so
far we have not been able to do controllably.

Spectroscopy measurements. We measured dI/dV spectra on
every atom of each dimer at different values of external magnetic
field applied perpendicular to the sample plane, transverse to the
magnetic hard-axis (Fig. 3b–f). For comparison, spectra taken on
a single Co are shown in Fig. 3a. In addition, we simulate the
experimental data by diagonalizing the Hamiltonian (1) and
using a perturbative scattering model in which the tunnelling
electrons interact with the localized spin S via an exchange
interaction S � r, with r¼ (sx, sy, sz) the standard Pauli matrices
for spin-1/2 electrons40. In the differential conductance curves of
Fig. 3b–e, the magnetic anisotropy is best described with Lxx¼ 0,
and Lyy and Lzz varying between 6.1 and 7.0 eV� 1, very close to
the single Co values. However, this is not the case for the {2, 0}
dimer, presented in Fig. 3f, for which Lzz¼ 2Lyy. We believe that
in this structure the strain induced by the presence of the
second atom is playing a critical role, enhancing the magnetic
anisotropy32,41 (Supplementary Fig. 1 and Supplementary
Note 1).

We account for scattering up to third order in the matrix
elements by additionally considering an AFM spin–spin Kondo-
exchange coupling JKrs between the substrate electrons and the
localized spin system42,43, with rs the density of states in the
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Figure 2 | Sign and strength of the exchange interaction between atoms.

(a,b) Energy versus transverse magnetic field of the four lowest energy

states for two example dimers, corresponding to the instances presented in

panels (c,d) with AFM (J40) and FM (Jo0) coupling respectively. In the

AFM case, a state crossing is expected at a field Bc. (c,d) Example of zero-

field differential conductance spectra taken on a Co atom in two different

dimers. Red and green arrows show, respectively, the exchange and

anisotropy energies. In the FM spectrum, an additional step can be resolved

at 3/2J. (e) Colour map of the experimentally extracted coupling strength

between Co atoms on Cu2N. Each circle corresponds to the position of the

second Co atom atop a Cu atom of the lattice, with respect to a reference

Co atom (blue sphere). Light grey represent Cu positions too close to allow

a Co dimer to be built while the small grey circles are the N atoms. The axes

identify the coordinate system for the reference atom, with the nitrogen

direction defined as z-axis. (f) Coupling strength versus inter-dimer

distance. For comparative purposes, an isotropic three-dimensional RKKY

curve with Fermi wavelength of bulk Cu and horizontal offset of 0.15 nm,

corresponding to a phase shift of 1.3p, is shown (dashed line). The point

represented with an open circle is the {2, 0} dimer, whose coupling cannot

be explained in terms of RKKY interaction only. Errors are estimated based

on variance found during fitting.
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substrate around the Fermi energy. When the exchange
interaction J between the Co spins is large compared with the
Kondo energy eK, that is, J=eKj j � 1, we find very good
agreement between model and experimental data when using a
constant exchange coupling of JKrs¼ 0.15. This value is in
accordance with previous results44–46. Additional parameter
values are listed in Supplementary Table 1.

This model cannot account for the additional spectral
weight which arises when the localized spin system enters a
state in which it is strongly screened by the substrate electrons.
For example, the zero-field Kondo peak of a single Co atom
(Fig. 3a) is strongly underestimated in the simulations. The
observed discrepancy arises most likely from the fact that the
model accounts only for correlations induced by scattering
events up to third order during the tunnelling process, meaning
that processes involving interaction with more than a single
substrate electron are not taken into account43. In a full
theoretical treatment of the Kondo interaction, higher order
scattering between the localized spin and the substrate electrons
produces correlations which strongly influences the spectral
weight around the Fermi energy, leading to an increased
tunnelling probability and therefore a higher conductance at
zero bias.

The difference between measured and simulated spectra
provides an easily accessible quantitative measure for the degree
of Kondo screening in the system. In Fig. 3g we have plotted the
mean square error (MSE), defined as MSE ¼ 1

n

P
n Gexp�Gsim
� �2

(with n the number of data points in the voltage range and Gexp

and Gsim, respectively, the normalized measured and simulated
conductance), as a function of J/eK. The MSE, which was
determined for spectra at zero field, 4 and 8 T in the voltage range
from � 3 to 3 mV, scales with the areas coloured in yellow in
Fig. 3a–f (Fig. 3g). We find that for larger field values, the region
of largest MSE shifts in the direction of positive J/eK, as expected
based on the phase diagram in Fig. 1.

Intriguingly, in the case of AFM coupling, the combined
ground state at zero field is the non-magnetic singlet which we
can deliberately tune to different phases by applying an external
magnetic field. The field effectively counteracts the exchange
interaction leading to a crossing of the singlet state with the
lowest triplet state at the critical field Bc. Around this degeneracy
point, the system enters a new phase in which the two impurities
are together Kondo-screened by the substrate electrons (Fig. 1).
Among the dimers studied, there are three with AFM coupling.
For the {2, 0} dimer the coupling is so strong that the state
crossing occurs at a field much larger than 9 T, not accessible in
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Figure 3 | Overview of dimer configurations: experimental data and simulated spectra. (a–f) Measured dI/dV spectra (blue dots) and simulated curves

(green lines) on a single Co atom and on all five types of dimers showing a measurable coupling, presented with increasing value of J=eKj j, with

eK¼0.22±0.02 meV, for zero magnetic field and fields applied in the y direction, perpendicular to the sample surface. Orange shaded regions mark the

difference between measurement and simulation in the voltage range from � 3 to þ 3 mV. Field spectra have been offset for clarity; all measurements were

performed at 330 mK. A corresponding atomic lattice diagram and topographic STM image (scale bar, 1 nm) are shown for each type of dimer. Large and

small grey circles represent, respectively, Cu and N atoms; the blue spheres the Co atoms. The arrows in panels b and d indicate which atom of the dimer is
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our experimental set-up. For the other two cases, {0, 2} and {3/2,
1/2}, the crossings are at B3 and B5 T, respectively.

In Fig. 4a,b we show a series of dI/dV spectra measured around
these crossing points for the two dimers in the voltage range from
� 3 to 3 mV. Here, we clearly observe the emergence of Kondo
screening concomitant with a zero-voltage peak in the dI/dV
spectrum, which disappears quickly at fields larger or smaller
than Bc. Note that this two-impurity Kondo state differs
significantly from that of a single atom at zero field (Fig. 3a): it
reflects the combined screening of the dimer by the substrate
electrons. In addition to the central Kondo peak the spectra show
low-energy features near the crossing. These features, that cannot
be captured by our current model, may contain additional
information about the two-impurity Kondo screening phase. Due
to some of these features being close to the central peak, it is
difficult to extract the exact Kondo line width. However, in both
cases the Kondo peak is clearly wider than the thermal energy of
our measurement, which is B30 meV.

Figure 4c shows the locations of all presented measurements in
the phase diagram of Fig. 1. All possible phases are found in our
data. The FM {1, 1} dimer is always in the two-impurity triplet
state, while the AFM {2, 0} dimer is always a two-impurity singlet;
for those two instances, no Kondo screening is observed. The
weakly FM-coupled {3/2, 3/2} dimer is very similar to the single
Co: at zero field it behaves like a single Kondo-screened impurity,
whereas for large fields the two atoms are separate paramagnetic
moments. Lastly, the {0, 2} and the {3/2, 1/2} both undergo a
phase transition from the singlet-phase to being separate
moments through the two-impurity Kondo screening phase.

Discussion
In summary, we have been able to experimentally explore the
complete phase space of a system of two coupled Kondo atoms in
a magnetic field. We showed that for AFM coupled dimers the
phase can be continuously tuned from the two-impurity singlet to
the single impurity local moment phase solely by an external
magnetic field, leading to the formation of the correlated
two-impurity Kondo screening phase at the critical crossover
field. This transition, which is fundamentally different from the
previously investigated zero-field transition between the single
impurity Kondo screening and two-impurity singlet phases24,
technically constitutes a quantum phase transition, even though
our experiments do not allow us to reveal the associated quantum
critical behaviour12. Using a third-order perturbative transport
model, we have demonstrated that the spectra can be well
reproduced except in the vicinity of the ground state crossings,
where additional weight around zero bias voltage occurs. These
results may form the basis for future work on one and
two-dimensional engineered Kondo lattices.

Methods
Experimental set-up. The experiments were performed in a commercial
STM system (Unisoku USM 1300 S), at low-temperature (330 mK) and in
ultra-high vacuum (o2� 10� 10 mbar). Magnetic fields up to 8 T were applied
perpendicular to the sample surface and the hard uniaxial anisotropy of the
Co atoms. The Cu2N/Cu(100) sample was prepared in situ by N2 sputtering
on the clean Cu crystal47; Co atoms were evaporated on the precooled Cu2N.
The STM tip, made of PtIr, was prepared by indentation in the bare Cu surface.
Co dimers were built via vertical atom manipulation48. dI/dV spectra were
recorded with a non-polarized tip, using a lock-in technique with excitation
voltage amplitude of 70–100 mVRMS at 928 Hz. The tunnel current for spectroscopy
was set between 1.5 and 2 nA at � 10 or � 15 mV sample bias for different types
of dimer. Variation of the distance between the tip and the atoms up to 150 pm
(corresponding to a factor B30 variation in tunnel current) on the same atom
did not lead to any significant modification of the spectral lineshapes. The
resolution of the spectral features is limited mostly by the temperature and the
lock-in modulation.

Simulations. The simulation of the differential conductance curves was
performed using a perturbative approach established by Appelbaum, Anderson,
and Kondo49–52, which accounts for spin-flip scattering processes up to third order
in the matrix elements. The transition probability Wi-f for an electron to tunnel
between tip and sample or vice versa and simultaneously changing the quantum
state of the dimer system between the initial (i) and final (f) state is in this model
given by:

Wi!f / Mi!f

�� ��2 þ JKrs

X
m

Mi!mMm!f Mf!i

ei� em
þ c: c:

� � !
d ei � ef
� �

: ð2Þ

In this expression, Mi!j ¼ hcj; sjj S � rþ uð Þ ci; siij is the scattering matrix
element from the combined state vector jci; sii to jcj; sji, with c as the eigenstate
of the localized spin system and s as the wavevector of the interacting electron.
Energy conservation between initial energy ei and final energy ef is obeyed by the
delta distribution d(ei� ef) in equation (2).

The first term of equation (2) is responsible for the conductance steps observed
in the spectra29, while the second term leads to logarithmic peaks at the
intermediate energy em and scales with the coupling JKrs to the substrate42. Note,
that this model cannot cover strong correlations because it neglects higher order
effects.
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