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Lecture Three: Topological superconductors

2. Topological superconductors
 

- Topological SCs in 1D: Kitaev model
- Topological SCs in 2D: chiral p-wave SC

ARTICLES

Table 1 The four classes of superconducting correlations following from the Pauli

principle. All four symmetry components are induced in the superconducting

regions next to the interface, but only the ""-triplet ones in the half-metallic
region. The dominating orbital contributions to the supercurrents in the half metal

are shown in the lower two rows (triplet): even-frequency p-wave and f-wave,
and odd-frequency s-wave and d-wave. Wavy lines symbolize the dynamical
nature of the odd-frequency amplitudes.
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INDIRECT JOSEPHSON EFFECT

In the following, we calculate the Josephson current through the
junction to leading order in t and #. This approximation is not
essential, but simplifies the following discussion while all important
phenomena are captured. The presence of an m = 0 triplet
amplitude with a magnitude proportional to sin# (see equation (2)
below) is accompanied by a suppression of the singlet pairing
amplitudes proportional to sin2(#/2) in the superconductors
near the interface (see Supplementary Information, Table S1), as
illustrated in Fig. 3 (green lines)5,7,8. It leads to corrections to
the singlet order parameter � that are second order in #. Thus,
to leading order, the corresponding suppression of � can be
neglected. It follows that Anderson’s theorem11,12 holds and � is
also insensitive to impurity scattering (note, however, that in the
immediate interface region described by the scattering matrix, the
gap is dramatically suppressed, for example, owing to diVusion
of magnetic moments; this eVect is included in our theory). For
simplicity we consider the case of equal gap magnitudes in the two
superconductors,�j =|�|ei�j , for superconductors j =1 and j =2,
see Fig. 1.

Owing to spin mixing at the interfaces, a spin triplet (S = 1,
m = 0) amplitude ft0 j(x) is developed that extends from the
interfaces about a coherence length into each superconductor,

ft0 j(x) = i⇡|�|ei�j sin#j

|"n| s
0j(x)+⌦n a

0j(x)

⌦ 2
n

, (2)

where ⌦n = p
"2

n +|�|2. We have separated the influence of the
interfaces from that of the disorder in the bulk materials by
introducing the real functions  s,a

0j (x). The superscript denotes
symmetric (s) and antisymmetric (a) components with respect to
µ = cos(✓p), where ✓p is the angle between the Fermi velocity
and the x axis. In the clean limit, a

0j(x)=�(sgn(µ)/2)e�|x�xj |/⇠S |µ|

and  s
0j(x) = (sgn("n)/2)e�|x�xj |/⇠S |µ|, where ⇠S = vS/2⌦n and vS

is the Fermi velocity in the superconductor. For an arbitrary
impurity concentration, the -functions are modified and must be
calculated numerically for each given value of mean free path (see
Supplementary Information, Fig. S1).

The induced m = 0 triplet amplitude derived above, together
with the presence of spin-flip tunnelling amplitudes, leads to an

equal-spin (m = 1) pairing amplitude f""(x) in the half metal. The
singlet component in the superconductor, being invariant under
rotations around any quantization axis, is not directly involved
in the creation of the triplet in the half metal. A picture of an
indirect Josephson eVect emerges, therefore, that is mediated by the
appearance of the m = 0 triplet amplitudes in the superconductor.

In the tunnelling limit, it is convenient to split the pairing
amplitude in the half metal into contributions induced at the left
and right interfaces: f"" = f""1 + f""2, with momentum-symmetric
and momentum-antisymmetric components

f s,a
""j(x) = 2⇡iAj|�|ei�̄j

|"n|
⌦ 2

n

 s,a
j (x), (3)

where the amplitude is given by

Aj = 2t""j t#"j sin

✓
#j

2

◆
= t2

j sin(↵j)sin

✓
#j

2

◆
, (4)

and the eVective phase by

�̄j = �j � (#""j +##"j) = �j � (⇡+'j). (5)

In equation (3), we have separated the contributions from the
interface scattering and the contributions from the disorder in the
half metal by introducing the (real) functions s,a

j .
The Josephson current reads (see also Supplementary

Information, equation (S13))

Jx = �Jc sin(�̄2 � �̄1), (6)

where the critical current density is given by

Jc = J0

T

Tc

X

"n >0

|�|2"2
n

⌦ 4
n

D
µA1A2( s

2 
a
1 � s

1 
a
2 )

E
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Here, the current unit is J0 =4⇡evHNHTc, NH is the density of states
at the Fermi level in the half metal, e is the electron charge and
h···i = R 1

0
dµ···.

Equations (4)–(7) describe an exotic Josephson eVect in several
respects. Equation (5) is related to the phase dependence of the
Josephson eVect and can be tested for example by studying the
magnetic-field dependence of the critical current. For a half
metal, there can be extra phases that lead to shifts of the usual
Fraunhofer pattern7,13. Within our model there are contributions
�' = '2 � '1 to the phases that depend on the microscopic
structure of the disordered magnetic moments at the two interfaces.
In particular, if the averaged magnetic interface moments m1

and m2 are non-collinear in the plane perpendicular to M, such
phases arise. The microstructure can be aVected for example by
applying a magnetic field that leads to hysteretic shifts �'(H)
of the equilibrium positions depending on the magnetic pre-
history. When subtracting the shifts, the junction shows the typical
characteristics of a ⇡-junction14, as revealed by the minus sign in
equation (6). The possibility to manipulate the shifts �' with an
external field yields a way to measure the relative orientation of
m1 and m2 at the two interfaces. Finally, the critical Josephson
current is proportional to the sine of the spin-mixing angles #j/2,
the transmission probabilities t2

j and the sine of the angles ↵j

between mj and M. This points to a strong sensitivity of the critical
Josephson current to interface properties and is expected to lead to
strong sample-to-sample variations. Note that none of the above
parameters need to be small, such that critical currents of the order
of that for normal junctions are possible. All of these findings are in
agreement with the experiment2.
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1. Topological insulators
- Z2 bulk invariants
- Three-dimensional topological insulator

[picture courtesy S. Zhang et al.]



e.g.: Pf
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consider anti-symmetric “t-matrix”:)

antisymmetry property:

) Pfaffian can be defined:

(Pf [!(�a)])
2

= det [!(�a)]

[Kane Mele 05]
[Fu and Kane]

—                                       denote gauge choices in the two EBZs
— TR-smooth gauge: |u(1)

n (�k)⇥ = �|u(2)
n (k)⇥

|u(1)
n (k)� and |u(2)

n (k)�

  Bulk Z2 invariant as an obstruction to define a “TR-smooth gauge”:

tmn(k) =
⌦
u�
m(k)

��⇥
��u�

n (k)
↵

tT(k) = �t(k)

Pf [t(k)]

Pf [t(k)]  Zeroes of                 occur in  
    isolated points, carry phase winding

2D topological insulator: First bulk Z2 invariant

 Due to time-reversal symmetry:

(i) |Pf[t(k)]| = |Pf[t(�k)]| ) zeros come in pairs

(ii) At TRI momenta ⇤a we have |Pf[t(⇤a)]| = 1

) zeros cannot be brought to TRI momenta
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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conventional insulator topological insulator

Topological invariant =  number or zeros of                 in EBZ modulo 2Pf [t(k)]

I =
1

2�i

Z

�(EBZ)
dk ·⇥ log

�
Pf

⇥
�u�

m(k)|�|u�
n (k)

⇤�
mod 2

It follows from bulk-boundary correspondence: edge Z2 invariant = bulk Z2 invariant

2D topological insulator: First bulk Z2 invariant

Figure 4: Gap glosing points for µ = �2, 0 and 2

The corresponding complex P (k) is plotted in Fig. 5. It can be seen that at µ = �1, there are two
vortices in BZ.

Figure 5: complex field of P (k) at µ = �1, and �2.

Figure 4: Gap glosing points for µ = �2, 0 and 2

The corresponding complex P (k) is plotted in Fig. 5. It can be seen that at µ = �1, there are two
vortices in BZ.

Figure 5: complex field of P (k) at µ = �1, and �2.
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2D topological insulator: Second bulk Z2 invariant

consider unitary sewing matrix:)
�mn(k) = ⇥u�

m(�k)|�|u�
n (k)⇤

antisymmetry property: !T (k) = �!(�k)

at TRI momenta: �a = ��a ) !T (�a) = �!(�a) is antisymmetric

) Pfaffian can be defined: Pf [!(�a)]
(Pf [!(�a)])

2

= det [!(�a)]

Bulk Z2 invariant (   = 0,1):⌫ (�1)� =
4Y

a=1

Pf [!(�a)]p
det [!(�a)]

= ±1
(gauge invariant, 
but smooth 
gauge needed)

[Kane Mele 05]
[Fu and Kane]

It follows from bulk-boundary correspondence: edge Z2 invariant = bulk Z2 invariant

—                                       denote gauge choices in the two EBZs
— TR-smooth gauge: |u(1)

n (�k)⇥ = �|u(2)
n (k)⇥

|u(1)
n (k)� and |u(2)

n (k)�

  Bulk Z2 invariant as an obstruction to define a “TR-smooth gauge”:
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kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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and time-reversal symmetry
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H(k) = d(k) · σ d̂ (4)

n =
i

2π
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∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
i

2π

∑

∫

Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)

A → A + ∇kφk (7)

F = ∇k ×A (8)

γC =

∮

C

A · dk (9)

γC =

∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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Three equivalent definitions for bulk Z2 topological invariant: 

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

1 frist chapter

ν =
1

2π

[
∮

∂(EBZ)

dk · A−
∫

EBZ

d2kF
]

mod 2 (1)

tages

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (2)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (3)

γC =

∮

C

A · dk (4)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(5)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

in terms of sewing matrix: (�1)� =
4Y

a=1

Pf [!(�a)]p
det [!(�a)]

= ±1
(gauge invariant, 
but smooth 
gauge needed)

�mn(k) = ⇥u�
m(�k)|�|u�

n (k)⇤

(B)

(C)

  count number of zeroes of                                            in EBZPf
⇥
�u�

m(k)|�|u�
n (k)

⇤

(A)

in terms of Berry connection:

I =
1

2�i

Z

�(EBZ)
dk ·⇥ log

�
Pf

⇥
�u�

m(k)|�|u�
n (k)

⇤�

(is unitary, and anti-
symmetric at TRI momenta)sewing matrix:

(antisymmetric at all momenta, 
but not unitary)

mod 2



Three-dimensional 
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3D topological insulator: Surface Z2 invariant

• Surface Z2 invariant:

k
x

ky

e⇤4
e⇤3

e⇤2
e⇤1

Dirac cone

surface Brillouin zone

Valence band

Conduction  band

Ef

E
ne

rg
y

Momentum CA

Conduction  band

Valence band

Momentum

Ef

E
ne

rg
y

A C

OR

k = e⇤1 k = e⇤2 k = e⇤1 k = e⇤2

• How do surface states connect between TRI momenta?

k
x

ky

Strong topological insulator⌫ = 1 :

Weak topological insulator⌫ = 0 :

— Fermi surface encloses odd number of TRI momenta

k
x

ky

— Fermi surface encloses even number of TRI momenta

— protected by time-reversal symmetry
— independent of surface orientation

— depends on surface orientation (quasi-2D topological insulator)
— protected by time-reversal and translation symmetry

(4 time-reversal invariant momenta in surface BZ)
[after Hasan & Kane, RMP 2010]



(�1)� =
8Y

a=1

Pf [!(�a)]p
det [!(�a)]

= ±1

kz

k
x

ky
⇡

⇡

⇡ ⇤a

— Strong Z2 invariant

Bulk-boundary correspondence: edge Z2 invariant = bulk Z2 invariant

[Kane-Mele, Moore-Balents, Roy, 
Fu-Kane-Mele (06-07)]

• Bulk Z2 invariant:

8 TRI momenta in bulk BZ

— Weak Z2 invariant
(�1)⌫i =

4Y

a=1

Pf [!(⇤a)]p
det [!(⇤a)]

�����
ki=0

3D topological insulator: Bulk Z2 invariant

— Due to time-reversal symmetry there are  
     only 16 possibilities for the arrangement of the lines:

– Zeros of Pf[t(k)] are lines

(⌫0; ⌫1, ⌫2, ⌫3)

0

tmn(k) =
⌦
u�
m(k)

��⇥
��u�

n (k)
↵



Experimental detection of 3D topological insulators

 observed in certain band insulators with strong spin-orbit coupling

BiSb alloy, Bi2Se3, Bi2Te3, TlBiTe2, TlSbSe2, etc ....

stable surface states cross a gap, that is opened up by spin-orbit coupling

Bi1-xSbx

Theory:  Predict Bi1-xSbx is a  topological insulator  by exploiting 
inversion symmetry of pure Bi, Sb   (Fu,Kane PRL’07)

Experiment:  ARPES (Hsieh et al. Nature ’08)

• Bi1-x Sbx is a Strong Topological 
Insulator �0;(�1,�2,�3) = 1;(111) 

• 5 surface state bands cross EF  

between � and M

ARPES Experiment  :   Y. Xia et al.,  Nature Phys. (2009).
Band Theory :               H. Zhang et. al, Nature Phys. (2009).Bi2 Se3

• �0;(�1,�2,�3) = 1;(000) : Band inversion at �

• Energy gap: � ~ .3 eV :  A room temperature
topological insulator

• Simple surface state structure :
Similar to graphene, except 
only a single Dirac point

EF

Control EF on surface by
exposing to NO2

• Bi1�x

Sb
x

: [Hsieh, Hasan et al, Nature 2008]

momentum resolved photoemission (ARPES)

five  surface state bands cross EF between TRI momenta      and�̄ M̄

) strong topological insulator

[Fu, Kane, PRL 2007]



Experimental detection of 3D topological insulators

locked due to Z2 topology. This is most clearly seen in the spin-
resolved spectra (Iy

",#; Fig. 1g), which are calculated from Py accord-
ing to Iy

"5 Itot(11Py)/2 and Iy
#5 Itot(12 Py)/2, where Itot is the

spin-averaged intensity. To extract the spin polarization vectors of
the forward (1kx) and backward (2kx) moving electrons, we
performed a standard numerical fit (Supplementary Informa-
tion)21. The fit results yield 100(615)% polarized (Fig. 1h) spins that
point along the (k3 z) direction, which is consistent with its topo-
logical spin–orbit coupling origin14,21. Spin-momentum locking is
the key to topological order in a topological insulator which cannot
be demonstrated without spin sensitive detection. Therefore the
existence of the topological insulator state was not established in
previous work on Bi2X3. Our combined observations of a spin–orbit
origin linear dispersion relation and a one-to-one locking of
momentum and spin directions allow us to conclude that the surface
electrons of Bi2X3 (X5Se, Te) are helical Dirac fermions of Z2

topological-order origin (Fig. 1).
To experimentally access these helical Dirac fermions for research-

device applications, the electronic structuremust be in the topological
transport regime where there is zero charge fermion density7–9.
This regime occurs when EF lies in between the bulk valence band
maximum (VBM) and the bulk conduction band minimum (CBM),
and exactly at the surface or edge Dirac point, which should in turn lie
at a Kramers time-reversal invariant momentum3,4. This is clearly not
the case in either Bi2Te3, Bi2(Sn)Te3, Bi2Se3 or graphene. Although
pure Bi2X3 are expected to be undoped semiconductors20,22,23,
nominally stoichiometric samples are well known to be n- and p-type
semiconductors owing to excess carriers introduced via Se or Te site
defects, respectively16,17. To compensate for the unwanted defect
dopants, trace amounts of carriers of the opposite sign must be added
into the naturally occurring material, which may be easier to achieve
in Bi2Se3 than in Bi2Te3 because the former has a much larger
bandgap15,24 (around 0.35 eV (ref. 25) compared to 0.18 eV (ref. 26),
respectively). To lower the EF of Bi2Se3 into the bulk bandgap, we

substituted trace amounts of Ca21 for Bi31 in as-grown Bi2Se3, where
Ca has been previously shown16 to act as a hole donor by scanning
tunnelling microscopy and thermoelectric transport studies16.
Figure 2a shows that as the Ca concentration increases from 0% to
0.5%, the low temperature resistivity sharply peaks at 0.25%, which
suggests that the system undergoes a metal to insulator to metal trans-
ition. The resistivity peak occurs at a Ca concentration where a change
in signof theHall carrier density also is observed (Fig. 2b),which shows
that formeasuredCa concentrations below and above 0.25%, electrical
conduction is supported by electron and hole carriers, respectively.

We performed systematic time-dependent ARPES measurements
to study the electronic structure evolution of Bi22dCadSe3 as a func-
tion of Ca doping in order to gain insight into the trends observed in
transport (Fig. 2a and b). Early time ARPES energy dispersion maps
taken through the !CC point of the (111) surface Brillouin zone are
displayed in Fig. 2c–h for several Ca doping levels. In the as-grown
(d5 0) Bi2Se3 samples, a single surface Dirac cone is observed with EF
lying nearly 0.3 eV above the Dirac node forming an electron Fermi
surface. We also observe that EF intersects the electron-like bulk
conduction band. When a 0.25% concentration of Ca is introduced,
EF is dramatically lowered to lie near the Dirac node (Fig. 2d), which
is consistent with Ca acting as a highly effective hole donor. Because
the bulk CBM lies at a binding energy of approximately20.1 eV for
d5 0 (Fig. 2c), a 0.3 eV shift in EF between d5 0 and d5 0.0025
suggests that for d5 0.0025, EF is located 0.2 eV below the CBM.
This is consistent with EF being in the bulk bandgap, because the
indirect energy gap between the CBM and the VBM is known from
both tunnelling24 and optical25 data and theory22 to be nearly 0.35 eV.

As the Ca concentration is increased further, the position of EF
continues a downward trend such that by d5 0.01, it is located
clearly below the Dirac node (Fig. 2) and intersects the hole-like bulk
valence band. The systematic lowering of EF with increasing d in
Bi22dCadSe3 observed in early time ARPES measurements
(Fig. 2i–k), which reflect the electronic structure of the sample bulk,
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Figure 1 | Detection of spin-momentum locking of spin-helical Dirac
electrons in Bi2Se3 and Bi2Te3 using spin-resolved ARPES. a, b, ARPES
intensity map at EF of the (111) surface of tuned stoichiometric Bi22dCadSe3
(a; see text) and of Bi2Te3 (b). Red arrows denote the direction of spin
projection around the Fermi surface. c, d, ARPES dispersion of tuned
Bi22dCadSe3 (c) and Bi2Te3 (d) along the kx cut. The dotted red lines are
guides to the eye. The shaded regions in c and d are our projections of the
bulk bands of pure Bi2Se3 and Bi2Te3, respectively, onto the (111) surface.
e, Measured y component of spin-polarization along the !CC{ !MM direction at
EB5220meV, which only cuts through the surface states. Inset, schematic
of the cut direction. f, Measured x (red triangles) and z (black circles)
components of spin-polarization along the !CC{ !MM direction at

EB5220meV. Error bars in e and f denote the standard deviation of Px,y,z
where typical detector counts reach 53 105; solid lines are numerical fits21.
g, Spin-resolved spectra obtained from the y component spin polarization
data. The non-Lorentzian lineshape of the Iy

" and Iy
# curves and their non-

exact merger at large |kx | is due to the time evolution of the surface band
dispersion, which is the dominant source of statistical uncertainty. a.u.,
arbitrary units. h, Fitted values of the spin polarization vector P (Sx,Sy,Sz) are
(sin90ucos295u, sin90usin295u, cos90u) for electrons with 1kx and
(sin86ucos85u, sin86usin85u, cos86u) for electrons with 2kx, which
demonstrates the topological helicity of the spin-Dirac cone. The angular
uncertainties are of the order of 610u and the magnitude uncertainty is of
the order of 60.15.
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Ca has been previously shown16 to act as a hole donor by scanning
tunnelling microscopy and thermoelectric transport studies16.
Figure 2a shows that as the Ca concentration increases from 0% to
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suggests that the system undergoes a metal to insulator to metal trans-
ition. The resistivity peak occurs at a Ca concentration where a change
in signof theHall carrier density also is observed (Fig. 2b),which shows
that formeasuredCa concentrations below and above 0.25%, electrical
conduction is supported by electron and hole carriers, respectively.

We performed systematic time-dependent ARPES measurements
to study the electronic structure evolution of Bi22dCadSe3 as a func-
tion of Ca doping in order to gain insight into the trends observed in
transport (Fig. 2a and b). Early time ARPES energy dispersion maps
taken through the !CC point of the (111) surface Brillouin zone are
displayed in Fig. 2c–h for several Ca doping levels. In the as-grown
(d5 0) Bi2Se3 samples, a single surface Dirac cone is observed with EF
lying nearly 0.3 eV above the Dirac node forming an electron Fermi
surface. We also observe that EF intersects the electron-like bulk
conduction band. When a 0.25% concentration of Ca is introduced,
EF is dramatically lowered to lie near the Dirac node (Fig. 2d), which
is consistent with Ca acting as a highly effective hole donor. Because
the bulk CBM lies at a binding energy of approximately20.1 eV for
d5 0 (Fig. 2c), a 0.3 eV shift in EF between d5 0 and d5 0.0025
suggests that for d5 0.0025, EF is located 0.2 eV below the CBM.
This is consistent with EF being in the bulk bandgap, because the
indirect energy gap between the CBM and the VBM is known from
both tunnelling24 and optical25 data and theory22 to be nearly 0.35 eV.

As the Ca concentration is increased further, the position of EF
continues a downward trend such that by d5 0.01, it is located
clearly below the Dirac node (Fig. 2) and intersects the hole-like bulk
valence band. The systematic lowering of EF with increasing d in
Bi22dCadSe3 observed in early time ARPES measurements
(Fig. 2i–k), which reflect the electronic structure of the sample bulk,
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Figure 1 | Detection of spin-momentum locking of spin-helical Dirac
electrons in Bi2Se3 and Bi2Te3 using spin-resolved ARPES. a, b, ARPES
intensity map at EF of the (111) surface of tuned stoichiometric Bi22dCadSe3
(a; see text) and of Bi2Te3 (b). Red arrows denote the direction of spin
projection around the Fermi surface. c, d, ARPES dispersion of tuned
Bi22dCadSe3 (c) and Bi2Te3 (d) along the kx cut. The dotted red lines are
guides to the eye. The shaded regions in c and d are our projections of the
bulk bands of pure Bi2Se3 and Bi2Te3, respectively, onto the (111) surface.
e, Measured y component of spin-polarization along the !CC{ !MM direction at
EB5220meV, which only cuts through the surface states. Inset, schematic
of the cut direction. f, Measured x (red triangles) and z (black circles)
components of spin-polarization along the !CC{ !MM direction at

EB5220meV. Error bars in e and f denote the standard deviation of Px,y,z
where typical detector counts reach 53 105; solid lines are numerical fits21.
g, Spin-resolved spectra obtained from the y component spin polarization
data. The non-Lorentzian lineshape of the Iy

" and Iy
# curves and their non-

exact merger at large |kx | is due to the time evolution of the surface band
dispersion, which is the dominant source of statistical uncertainty. a.u.,
arbitrary units. h, Fitted values of the spin polarization vector P (Sx,Sy,Sz) are
(sin90ucos295u, sin90usin295u, cos90u) for electrons with 1kx and
(sin86ucos85u, sin86usin85u, cos86u) for electrons with 2kx, which
demonstrates the topological helicity of the spin-Dirac cone. The angular
uncertainties are of the order of 610u and the magnitude uncertainty is of
the order of 60.15.
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spin resolved  and momentum resolved photoemission (ARPES)

[Hsieh, Hasan et al, Nature 2009]

Unique properties of helical surface states:
• spin and momentum are locked
• half of an ordinary 2DEG, “1/4 of graphene”
• robust to disorder, impossible to localize

• Bi2 Se3 :

simple surface state structure, similar to graphene

[H. Zhang et al., Nat Phys 2009]
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Table 1 The four classes of superconducting correlations following from the Pauli

principle. All four symmetry components are induced in the superconducting

regions next to the interface, but only the ""-triplet ones in the half-metallic
region. The dominating orbital contributions to the supercurrents in the half metal

are shown in the lower two rows (triplet): even-frequency p-wave and f-wave,
and odd-frequency s-wave and d-wave. Wavy lines symbolize the dynamical
nature of the odd-frequency amplitudes.
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d
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INDIRECT JOSEPHSON EFFECT

In the following, we calculate the Josephson current through the
junction to leading order in t and #. This approximation is not
essential, but simplifies the following discussion while all important
phenomena are captured. The presence of an m = 0 triplet
amplitude with a magnitude proportional to sin# (see equation (2)
below) is accompanied by a suppression of the singlet pairing
amplitudes proportional to sin2(#/2) in the superconductors
near the interface (see Supplementary Information, Table S1), as
illustrated in Fig. 3 (green lines)5,7,8. It leads to corrections to
the singlet order parameter � that are second order in #. Thus,
to leading order, the corresponding suppression of � can be
neglected. It follows that Anderson’s theorem11,12 holds and � is
also insensitive to impurity scattering (note, however, that in the
immediate interface region described by the scattering matrix, the
gap is dramatically suppressed, for example, owing to diVusion
of magnetic moments; this eVect is included in our theory). For
simplicity we consider the case of equal gap magnitudes in the two
superconductors,�j =|�|ei�j , for superconductors j =1 and j =2,
see Fig. 1.

Owing to spin mixing at the interfaces, a spin triplet (S = 1,
m = 0) amplitude ft0 j(x) is developed that extends from the
interfaces about a coherence length into each superconductor,

ft0 j(x) = i⇡|�|ei�j sin#j

|"n| s
0j(x)+⌦n a

0j(x)

⌦ 2
n

, (2)

where ⌦n = p
"2

n +|�|2. We have separated the influence of the
interfaces from that of the disorder in the bulk materials by
introducing the real functions  s,a

0j (x). The superscript denotes
symmetric (s) and antisymmetric (a) components with respect to
µ = cos(✓p), where ✓p is the angle between the Fermi velocity
and the x axis. In the clean limit, a

0j(x)=�(sgn(µ)/2)e�|x�xj |/⇠S |µ|

and  s
0j(x) = (sgn("n)/2)e�|x�xj |/⇠S |µ|, where ⇠S = vS/2⌦n and vS

is the Fermi velocity in the superconductor. For an arbitrary
impurity concentration, the -functions are modified and must be
calculated numerically for each given value of mean free path (see
Supplementary Information, Fig. S1).

The induced m = 0 triplet amplitude derived above, together
with the presence of spin-flip tunnelling amplitudes, leads to an

equal-spin (m = 1) pairing amplitude f""(x) in the half metal. The
singlet component in the superconductor, being invariant under
rotations around any quantization axis, is not directly involved
in the creation of the triplet in the half metal. A picture of an
indirect Josephson eVect emerges, therefore, that is mediated by the
appearance of the m = 0 triplet amplitudes in the superconductor.

In the tunnelling limit, it is convenient to split the pairing
amplitude in the half metal into contributions induced at the left
and right interfaces: f"" = f""1 + f""2, with momentum-symmetric
and momentum-antisymmetric components

f s,a
""j(x) = 2⇡iAj|�|ei�̄j

|"n|
⌦ 2

n

 s,a
j (x), (3)

where the amplitude is given by

Aj = 2t""j t#"j sin

✓
#j

2

◆
= t2

j sin(↵j)sin

✓
#j

2

◆
, (4)

and the eVective phase by

�̄j = �j � (#""j +##"j) = �j � (⇡+'j). (5)

In equation (3), we have separated the contributions from the
interface scattering and the contributions from the disorder in the
half metal by introducing the (real) functions s,a

j .
The Josephson current reads (see also Supplementary

Information, equation (S13))

Jx = �Jc sin(�̄2 � �̄1), (6)

where the critical current density is given by

Jc = J0

T

Tc

X

"n >0

|�|2"2
n

⌦ 4
n

D
µA1A2( s

2 
a
1 � s

1 
a
2 )

E
. (7)

Here, the current unit is J0 =4⇡evHNHTc, NH is the density of states
at the Fermi level in the half metal, e is the electron charge and
h···i = R 1

0
dµ···.

Equations (4)–(7) describe an exotic Josephson eVect in several
respects. Equation (5) is related to the phase dependence of the
Josephson eVect and can be tested for example by studying the
magnetic-field dependence of the critical current. For a half
metal, there can be extra phases that lead to shifts of the usual
Fraunhofer pattern7,13. Within our model there are contributions
�' = '2 � '1 to the phases that depend on the microscopic
structure of the disordered magnetic moments at the two interfaces.
In particular, if the averaged magnetic interface moments m1

and m2 are non-collinear in the plane perpendicular to M, such
phases arise. The microstructure can be aVected for example by
applying a magnetic field that leads to hysteretic shifts �'(H)
of the equilibrium positions depending on the magnetic pre-
history. When subtracting the shifts, the junction shows the typical
characteristics of a ⇡-junction14, as revealed by the minus sign in
equation (6). The possibility to manipulate the shifts �' with an
external field yields a way to measure the relative orientation of
m1 and m2 at the two interfaces. Finally, the critical Josephson
current is proportional to the sine of the spin-mixing angles #j/2,
the transmission probabilities t2

j and the sine of the angles ↵j

between mj and M. This points to a strong sensitivity of the critical
Josephson current to interface properties and is expected to lead to
strong sample-to-sample variations. Note that none of the above
parameters need to be small, such that critical currents of the order
of that for normal junctions are possible. All of these findings are in
agreement with the experiment2.
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Bogoliubov-de Gennes theory for superconductors
Superconductor = Cooper pairs (boson) + Bogoliubov quasiparticles (fermions)

I. INTRODUCTION

BdG Hamiltonian

HBdG =
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⎠ (1.3)

chiral p-wave superconductor:

HBdG(k) = [2t(cos kx + cos ky) − µ] σz + ∆ (sin kx σx + sin ky σy) (1.4)

time-reversal acts as

UT H
∗(k)U †

T = +H(−k) (1.5)

particle hole acts as

UCH
∗(k)U †

C = −H(−k) (1.6)

sublattice symmetric

S ∝ UT UC S†
H(k) + SH = 0 (1.7)

Control q T2 = −1 w(K) = −wT (K)

∆t,k =
1

q + 1
∆ (1.8)

∆± = ∆s ± ∆p

∣

∣

∣⃗
l(k)

∣

∣

∣
(1.9)

quasiclassics∆(r) over k−1
F k/k̃
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Particle-hole symmetry:

Bogoliubov-de Gennes
Hamiltonian 

BCS mean field theory:

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

mean field

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (1)

weak vs strong

|µ| < 4t (2)

n = 1 (3)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (4)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (5)

mx my mz (6)

homotopy

n = # kx (7)
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k
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∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (9)
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π3[U(2)] = q(k) :∈ U(2) (10)
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normal state superconducting state
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Bogoliubov-de Gennes theory for superconductors
Superconductor = Cooper pairs (boson) + Bogoliubov quasiparticles (fermions)

I. INTRODUCTION
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Particle-hole symmetry + bulk-boundary correspondence:

Bogoliubov-de Gennes
Hamiltonian 

BCS mean field theory:

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich
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cnky↓

)

(15)

normal state superconducting state

Built-in anti-unitary particle-hole symmetry:
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mean field

τx =

(

0 1
1 0

)

(1)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (2)

weak vs strong

|µ| < 4t (3)

n = 1 (4)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (5)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (6)

mx my mz (7)

homotopy

n = # kx (8)

∆±
k

= ∆s ± ∆t |dk| (9)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (10)

and

π3[U(2)] = q(k) :∈ U(2) (11)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (12)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (13)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(14)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(15)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(16)

Cooper pair
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� BCS Superconductors are similar to insulators 

� Superconducting gap plays the role of insulating gap 

� Similar to TI, there are various different topological 
superconductors with robust surface states 

� T-breaking superconductor (Moore&Read 2000), T-
invariant superconductor (
��
�����	��������Schnyder et al 
	����������������� 

From topological insulators to topological 
superconductors 

Ek 

k 

Ek 

k 

Fermi liquid (normal state) Superconducting state 

2��

normal state

Majorana edge state at zero energy

(for triplet pairing)
CHBdG(k)C

�1 = �HBdG(�k) C = ⌧
x

K C2 = +1



1D topological superconductor: Majorana chain
One-dimensional spinless p-wave 
superconductor: Majorana chain

Hamiltonian: 

t
� �

+

in momentum space:

�

H =
X

j

h
t(c†jcj+1 + c†j+1cj � µc†jcj +�(c†j+1c

†
j + cjcj+1)

i

H =
1

2

X

k

⇣
c†k c�k

⌘
HBdG(k)

✓
ck
c†�k

◆

d
x

d(k)
trivial super-
conductor

d
x

d(k)
topological 
superconductor

HBdG(k) = d(k) · ⇥�

energy spectrum:

dz(k) = 2t cos k � µ

dy(k) = 0
dz

dz

|µ| > 2t :

|µ| < 2t :

Particle-hole symmetry: 

�
x

H⇤
BdG(k)�x = �HBdG(�k)

Time-reversal symmetry: 

E± = ± |d(k)|

⌧zH⇤
BdG(k)⌧z = +HBdG(�k)

Experiments:  
InSb-nanowire-heterostructures

[Kitaev 2000]

d
x

(k) = 2i� sin k



1D topological superconductor: Majorana chain

Majorana chain for spinless fermions

[Kitaev 2000]To reveal zero-energy edge states, consider 
different viewpoint: Majorana representation
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Anti-commutation relations: 

cj =
1

2

�
�1j + i�2j

�
c†j =

1

2

�
�1j � i�2j

�

�
�lj , �l0j0

 
= 2⇥ll0⇥jj0

�
�lj

�2
= 1

H =
i

2

X

j

[�µ�1j�2j + (�� t)�2j�1j+1 + (�+ t)�1j�2j+1]

for               : nearest neighbor Majorana chain � = �t

t2 = �2tt1 = �µ

— zero-energy  Majorana end states

t1 > t2 :

t1 < t2 :

trivial superconductor

topological superconductor

Majorana end state

Majorana fermion: 
Particle = Antiparticle
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FIG. 13 Top photograph: InSb wire between a normal-metal
(N) and a superconducting (S) electrode. A barrier gate cre-
ates a confined region (marked in red) at the interface with
the superconductor. Other gates are used to locally vary the
electron density. A magnetic field B is applied parallel to the
wire. Bottom graph: Di�erential conductance at 60 mK for B
incrementing from 0 to 490 mT in 10 mT steps. (Traces are
o�set for clarity, except for the lowest trace at B = 0.) The
peaks at ±250µeV correspond to the gap induced in the wire
by the superconducting proximity e�ect. Upon increasing B
a peak develops at zero voltage, signaling the appearance of a
Majorana zero-mode in the confined region. Figure adapted
from Ref. 150.

insulator or magnetic field.
At this time of writing (April 2012), semiconductor

nanowires have come furthest in the realization of Ma-
jorana fermions, following the proposal of Lutchyn et al.
[32] and Oreg et al. [33]. Convincing evidence for a Ma-
jorana zero-mode in an InSb nanowire has been reported
by Kouwenhoven and his group [150], see Fig. 13. These
developments give hope that the rich variety of unusual
properties of Majorana fermions, reviewed in this article,
will soon be observed experimentally.
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HR =
p2

2me�
+ U(r) +

�
so

~ (⇤xpy � ⇤ypx) + EZ⇤x

H =

�
HR � EF �

�� EF � ⇤yH�
R⇤y

⇥ Condition for topological phase:

EZeeman >
⇤

�2 + µ2
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• Condition for topological phase:

[Mourik, Kouwenhoven et al, Science 2012]

Differential tunneling conductance 
as a function of magnetic field B

magnetic field B

B / EZeeman >
p

�2 � µ2

[after Alicea, Rep. Prog. Phys. 2012]
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Topology and Two Bands Model
1 Empty Flat Band

1 Filled Flat Bandk

�h(k)
�h

2⇡

It is not possible to have a coherent phase 
convention for all points   of the sphere

‣ if         does not cover the whole sphere : single phase 
convention possible. «Standard trivial case»

‣ If         spreads over the whole sphere : 
we need 2 independent phase conventions

! signals a topological property  : the wavefunction 
phase winds by      around the sphere

�h(k)

�h(k)

single phase convention possible

Trivial Band Twisted Band
Chern number ⟺ winding of electronic phase 

Topological 
Property

|u�
k �

|ũ�
k �
ei�(k)

vendredi 13 septembre 13 n =
1

8⇥

Z

BZ
d2k �µ�m̂ ·

⇥
⇤kµm̂� ⇤k�m̂

⇤

[Read & Green 00] 

edge band structure 
of chiral p-wave SC

Lattice BdG model:

Two-dimensional spinless chiral p-wave SC 

  classified by 
Chern number:
(winding number)

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Mapping 
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Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 (1)

HBdG = εkτz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ(2)

mx my mz (3)

homotopy

ν = # kx (4)

∆±
k

= ∆s ± ∆t |dk| (5)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (6)

and

π3[U(2)] = q(k) :∈ U(2) (7)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (8)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (9)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(10)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(11)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(12)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (13)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.
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Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 (1)

HBdG = εkτz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ(2)

mx my mz (3)

homotopy

ν = # kx (4)

∆±
k

= ∆s ± ∆t |dk| (5)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (6)

and

π3[U(2)] = q(k) :∈ U(2) (7)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (8)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (9)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(10)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(11)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(12)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (13)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Spectrum flattening:
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Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
(1)

HBdG = εkτz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (2)

mx my mz (3)

homotopy

ν = # kx (4)

∆±
k

= ∆s ± ∆t |dk| (5)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (6)

and

π3[U(2)] = q(k) :∈ U(2) (7)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (8)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (9)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(10)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(11)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(12)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (13)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.
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and time-reversal symmetry

E = ± |m(k)| (1)

⇤ ⇥i (2)

k = �1 k = �2 (3)

⇥ = e+i�Sy/~K ⇥2 = �1 2e2/h ⇤i ⇤1 ⇤2 ⇤3 ⇤4 (4)

E0 ky (5)

2�C = solid angle swept out by d̂(k) (6)

H(k) = d(k) · � d̂ (7)

n =
i

2⇤

⌅ ⇧
Fd2k (8)

|u(k)⌃ ⇤ ei⇥k |u(k)⌃ (9)

A⇤ A+⌥k⌅k (10)

F = ⌥k ⇥A (11)

�C =

⇤

C

A · dk (12)

�C =

⇧

S

Fd2k (13)

=⌅ (14)

Bloch theorem

[T (R), H] = 0 k |⇧n⌃ = eikr |un(k)⌃ (15)

(16)

H(k) = e�ikrHe+ikr (17)

(18)

H(k) |un(k)⌃ = En(k) |un(k)⌃ (19)

we have

H(k) kx ky ⇤/a � ⇤/a k ⇧ Brillouin Zone (20)

majoranas

�1 = ⇧ + ⇧† (21)

�2 = �i
�
⇧ � ⇧†⇥ (22)

and

⇧ = �1 + i�2 (23)

⇧† = �1 � i�2 (24)
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Lattice BdG Hamiltonian

HBdG = εkτz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (1)

mx my mz (2)

homotopy

ν = # kx (3)

∆±
k

= ∆s ± ∆t |dk| (4)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (5)

and

π3[U(2)] = q(k) :∈ U(2) (6)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (7)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (8)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ

Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(9)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(10)

+ λ cos ky

(

c†nky↓cnky↑ + c†nky↑cnky↓

)

(11)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (12)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.
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weak vs strong

|µ| > 4t (1)

n = 0 (2)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (3)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (4)

mx my mz (5)

homotopy

n = # kx (6)

∆±
k

= ∆s ± ∆t |dk| (7)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (8)

and

π3[U(2)] = q(k) :∈ U(2) (9)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (10)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (11)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(12)

and

jn,ky = −t sin ky

(

c†nky↑cnky↑ + c†nky↓cnky↓

)

(13)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(14)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (15)

Festkörperphysik II, Musterlösung 11.

Prof. M. Sigrist, WS05/06 ETH Zürich

weak vs strong

|µ| < 4t (1)

n = 1 (2)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (3)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (4)

mx my mz (5)

homotopy

n = # kx (6)

∆±
k

= ∆s ± ∆t |dk| (7)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (8)

and

π3[U(2)] = q(k) :∈ U(2) (9)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (10)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (11)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(12)

and

jn,ky = −t sin ky

(

c†nky↑cnky↑ + c†nky↓cnky↓

)

(13)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(14)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (15)

no edge state chiral Majorana edge state

trivial phase non-trivial phase 
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energy spectrum Simple example Polyacethylene:

“⌅2(S
2) = ” H(k) = d(k) · � =

⌅
0 h(k)

h†(k) 0

⇧
(1)

and

[C2H2]n (2)

F =
1

2

k̂

k2
(3)

�C =

⌃

S

F�⌅ d⇤d⇧ = (4)

Fµ⇥ = ⇥µ⇥⇤F ⇤ (5)

F = ⇤k ⇥A (6)

d(k) = k (7)

�C =

⌃

S

F · dk (8)

Berry curvature tensor

Fµ⇥(k) =
⌃

⌃kµ
A⇥(k)� ⌃

⌃k⇥
Aµ(k) (9)

Berry curvature

Fki,kj =
sin ⇤

2

⌃(⇤,⇧)

⌃(ki, kj)
(10)

k d(k) (11)

F�⌅ = ⌃�A⌅ � ⌃⌅A� =
sin ⇤

2
(12)

Berry vector potential

A� = i
�
u�k

⇤⇤ ⌃�

⇤⇤u�k
⇥

= 0 (13)

A⌅ = i
�
u�k

⇤⇤ ⌃⌅

⇤⇤u�k
⇥

= sin2 (⇤/2) (14)

and

A� = (15)
⇤⇤u+

k

⇥
=

⌅
cos(⇤/2)e�i⌅

sin(⇤/2)

⇧
(16)

⇤⇤u�k
⇥

=

⌅
sin(⇤/2)e�i⌅

� cos(⇤/2)

⇧
(17)

(18)

E± = ± |d| (19)

Particle-hole symmetry: ⌧
x

H⇤
BdG(k)⌧x = �HBdG(�k)

E

k

Sr2RuO4 (n=2)

HBdG = m(k) · ~⌧

m
x

(k) = �0 sin kx my(k) = �0 sin ky m
z

(k) = 2t [cos k
x

+ cos k
y

]� µ

(on square lattice)

(⌧
x

)2 = 1 ) class D

HBdG =
1

2

X

k

⇣
c†k c�k

⌘
HBdG

✓
ck
c†�k

◆Topology and Two Bands Model
1 Empty Flat Band

1 Filled Flat Bandk

�h(k)
�h

2⇡

It is not possible to have a coherent phase 
convention for all points   of the sphere

‣ if         does not cover the whole sphere : single phase 
convention possible. «Standard trivial case»

‣ If         spreads over the whole sphere : 
we need 2 independent phase conventions

! signals a topological property  : the wavefunction 
phase winds by      around the sphere

�h(k)

�h(k)

single phase convention possible

Trivial Band Twisted Band
Chern number ⟺ winding of electronic phase 

Topological 
Property

|u�
k �
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ei�(k)

vendredi 13 septembre 13



Majorana edge modes
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Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) =

HBdG = εkτz + ∆0 (τx sin kx + τy sin ky) = m(k

mx my mz

homotopy

n = # kx (4)

∆±
k

= ∆s ± ∆t |dk| (5)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (6)

and

π3[U(2)] = q(k) :∈ U(2) (7)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (8)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (9)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(10)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(11)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(12)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (13)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Quantized thermal Hall conductance

Majorana edge states are perfect heat conductor

edge band structure 
of chiral p-wave SC

Majorana state

 Majorana zero mode at a vortex:

• vortex: small hole with edge states

• Majorana zero mode for                with p odd  
(periodic vs. anti-periodic BC)

� = p
h

2e

⇥xy

T
=

⇤k2B
48h

Z

BZ
d2k �µ�m̂ ·

⇥
⌅kµm̂� ⌅k�m̂

⇤

Majorana fermions in chiral p-wave superconductor

E

k
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1 frist chapter

Gruss

∆ = ∆(r)eiϕ (1)

Thermal Hall

n =
1

8π

∫

BZ

d2k ϵµνm ·
[

∂kµm × ∂kνm
]

(2)

κxy

T
=

πk2
B

48h

∫

BZ

d2k ϵµνm ·
[

∂kµm × ∂kνm
]

(3)

m =
1

√

ε2
k + |∆k|2

⎛

⎝

εk

Re∆k

Im∆k

⎞

⎠ (4)

WCγ = ±1 for ∆p ∼ ∆s

ν = ±1 for ∆p > ∆s

These are the gaps

∆±
k = ∆s ± ∆p |dk| (5)

Particle-hole redundancy:

κxy/T
κxy

T
(6)

ϕ−E = ΞϕE , γ†
E = γ−E ⇒ Majorana state at E = 0 (7)

BdG Hamiltonian

H =
1

2

∑

k

(

c† c
)

HBdG

(

c
c†

)

, HBdG =

(

εk ∆k

∆∗
k −εk

)

(8)

∆k = ∆0(sin kx + i sin ky) (9)

and

Ξϕ = τxϕ
∗ (10)

ν =
1

2π

[
∮

∂(EBZ)

dk · A−
∫

EBZ

d2kF
]

mod 2 (11)

' = 2⇡ ' = 0

� = h/(2e)

 Bulk-boundary correspondence:

[Caroli, de Gennes, Matricon ‘64] 

p even p odd
E E

qm qm



Experimental detection of spinful chiral p-wave SC

substrates, the Au films were evaporated and four terminals
were patterned using a focused ion beam. A scanning ion
microscopy image and a schematic of junction configura-
tion are shown in Fig. 1(b). Without using this in situ
process, all the contacts between Au and SRO were non-
metallic. In contrast, the contacts due to the present process
showed almost temperature-independent metallic behavior
[see Fig. 1(c)], and the onsets of superconductivity were
discernible at 1.5 K.

Unlike the bulk superconductivity of the 1.5-K phase,
the 3-K phase is considered to be localized at the interface
between SRO and Ru inclusions. The appearances of a
broad and a sharp zero-bias conductance peak have been
reported for tunneling junctions fabricated on the 3-K
phase [17,18]. Since these features are similar to those
expected for the 1.5-K phase, the effects of the 3-K phase
must be excluded carefully. Figure 1(c) indicates the clear
resistance change at 1.5 K whereas no response at 3 K. In
addition, Fig. 2 shows the magnetic field and temperature
dependences of conductance spectra obtained on an
SRO=Au junction. Indeed, the disappearances of the
conductance peaks at Hc2 ! 500 Oe (H k c axis) and
Tc ! 1:5 K are consistent with the bulk properties of the
1.5-K phase. We detected the conductance change due to
superconductivity in 5 out of 7 junctions. At the interfaces
of these junctions, the superconductivity in most of the
areas is seriously suppressed probably owing to the high
density of defects [16]. The survival of superconductivity

at a restricted area contributes to the conductance channel
of normal-insulator-superconductor (NIS).
Figures 3(a) and 3(c) show typical conductance spectra

obtained on a-axis oriented junctions fabricated using the
present process. As a reference, the tunneling conductance
spectrum of a (110)-oriented YBa2Cu3O7"! junction
described in Ref. [19] is shown in Fig. 3(d). The data are
normalized by its background conductance in the normal
states just above Tc. The conductance spectra of SRO have
common features: a broad hump spreading between #1
(horizontal axes are normalized in the figures) and small
dips just outside the peak. At the same time, the spectral
shape near zero bias has sample dependence: (a) domelike
peak, (b) split peak, (c) two-step peak. Results (a) and (b)
are reproducible because similar features have already
been reported in the point contact spectroscopy [12].
Although type (c) has not been presented in Ref. [12],
this feature is also reproduced on two of our junctions.
Therefore, we conclude that these three types are typical
spectra intrinsic to the 1.5-K phase.
Next, we focus on the conductance spectrum of NIS

formulated for a !-functional barrier model [20]. The
barrier potential is represented by Z $ mH=@2kF, where
m,H, and kF are the electron mass, amplitude of the barrier
potential, and Fermi wavelength, respectively. The
conductance spectrum is calculated using the reflection
probabilities for the quasiparticle injection with energy E
(E ¼ "eV; V, bias voltage) and incident angle " with
respect to the interface [Fig. 1(d)]. The conductance
formula contains two distinct pair potentials !þ and !",
which correspond to the effective pair potentials for trans-
mitted electronlike quasiparticles and holelike quasipar-
ticles, respectively [11,21]. The total conductance is given
by integrating the angle-resolved conductance weighted by
a tunneling probability distribution. Except in the cases of
low barrier limit, the conductance peak corresponds to the

FIG. 2 (color online). Conductance spectra obtained on the
same Sr2RuO4=Au junction as in Fig. 1(c). Each successive
curve is vertically shifted by 0.001 for clarity. (a) A series of
spectra obtained in the magnetic field range between 0 and
1000 Oe at 0.6 K. (b) A series of spectra obtained in the
temperature range between 0.6 and 1.8 K in the absence of the
magnetic field.FIG. 1 (color online). (a) Schematic of in-plane and out-of-

plane junctions. (b) Scanning ion microscopy image (300'
300 #m2) of a Sr2RuO4=Au junction fabricated on a SiO2

substrate and a schematic of the junction structure. The four
terminal Au contacts are patterned by a focused ion beam,
and the crystal axes are characterized by x-ray analysis.
(c) Temperature dependence of resistance of a Sr2RuO4=Au
junction. The inset shows the enlarged plot near Tc (! 1:5 K).
(d) Schematic of quasiparticle injection to an unconventional
superconductor.
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The transition-metal-oxide Sr2RuO4 is likely (?) a spinful chiral 
p-wave superconductor with Chern number n=2 (per layer)

Fermi surfaces

k
x

ky

— Ru t2g-orbitals (4d4-electrons) hybridized with O p-oribitals
    form quasi-two-dimensional Fermi surfaces
— transition temperature TC = 1.5K
— strong anisotropies in spin dependent responses 
    (NMR and Knight shift)
— signatures of edge states in tunneling conductance

tunneling conductance
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