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Lecture Four: Classification schemes

1. Topological superconductors

- Topological superconductors w/ TRS in 2D
- Topological superconductors w/ TRS in 3D

2. Symmetries & ten-fold classification

- Symmetry classes of ten-fold way
- Dirac Hamiltonians and Dirac mass gaps
- Periodic table of topological insulators and superconductors



Helical superconductors
(w/ time-reversal symmetry)

| = =

TRI topological SC




Time-reversal-invariant topological superconductor

Superconducting pairing with spin: QT;*}\J «_<— Cooper pair

Hyr = kackgckg T Z { C]L—k,o" + Al (k)c—k,a’ck,a}

koo’
2 x 2 Gap matrix: A(k) = [As(k)og + d(k) - dlio,
Time-reversal symmetry: o,A'(k)o, = AT (—k)

Different spin-pairing symmetries: (anti-symmetry of wavefunction)

spin-singlet: Ags(k) : (|1t4) —141)) evenparity: Ag(k) = As(—k)

L
/2

[ dz (k) — idy (k) : [T

spin-triplet: y dy(k) +idy,(k): | J) oddparity: d(k)=—d(-k)




2D time-reversal-invariant topological superconductor

(also known as “helical superconductor”)

Square lattice BdG Hamiltonian in the presence of time-reversal symmetry:

Simplest model: _ (Hp+ip(k) 0
(spinless chiral p-wave SC)2 Hpaa (k) = ( 0 Hp—ip(k)

e(k) = 2t(cosk, +cosk,) —pu  do(k) =sink, dy(k)=sink, d.(k)=0

TRS: | THpac(k)T ™' = +Hpac(—k) | T=io, @ ek  T?=-1
class DIII

PHS: CHBd(;(k)C_l — —HBd(}(—k) C =097, K C? = +1

» Combination of time-reversal and particle-hole symmetry:

(chiral symmetry)  Ug = (ioy, ® 19)(00 ® 71) UsHpac (k) + Hpag(k)Ug =0

» Hpag can be brought into block-off diagonal form: (transform to basis in which S is diagonal)

Aeac) = (ping o) D) = (i) {ew + iAeldic - )

» TRS acts on D(k) as follows: DT (—k) = —D(k)



2D time-reversal-invariant topological superconductor

(also known as “helical superconductor”)

Square lattice BdG Hamiltonian in the presence of time-reversal symmetry:

Simplest model: 1) — e(k)oo At[d(k)'(ﬂ(wy))
(spinless chiral p-wave SC)2 Hpac (k) (At(—icfy)[d(k) Xed —e(k)og

e(k) = 2t(cosk, +cosk,) —pu  do(k) =sink, dy(k)=sink, d.(k)=0

TRS: | THpac(k)T ™' = +Hpac(—k) | T=io, @ ek  T?=-1
class DIII

PHS: CHBd(;(k)C_l — —HBd(}(—k) C =097, K C? = +1

» Combination of time-reversal and particle-hole symmetry:

(chiral symmetry)  Ug = (ioy, ® 19)(00 ® 71) UsHpac (k) + Hpag(k)Ug =0

» Hpag can be brought into block-off diagonal form: (transform to basis in which S is diagonal)

Aeac) = (ping o) D) = (i) {ew + iAeldic - )

» TRS acts on D(k) as follows: DT (—k) = —D(k)



2D time-reversal-invariant topological superconductor

Hpac (k) = (D]P(k) Dék)) where: D(k) = (ioy) {ewoo + iA[dx - 7]}

> Spectrum flattening: Projector onto filled Bloch bands ky
- _( 0 qk) A,
Q =14y —2P Q)= (qT(k) 0 )

» TRS acts on ¢(k) as follows: qk) = —QT(—k) A

» The eigenfunctions of () (k) are: '

1 n
+ _ a .
are globally defined.
Z, topological invariant:

; sewing matrix
)

Crp o PRl () S g (<) [0 ()

~ Pfq"(A)] .
= |(-1)" = L 1| i) =g
( ) al;[l \/det [Q(Aa)] (saqmgksz/m_mce]trieili sewing matrix)




2D time-reversal-invariant topological superconductor

Eﬁet(':tive Iomenergy Hpac (k) = ( e(k)ao A¢ld(k) - o ](z’ay)>
continuum theory: BdG . L B
(expand around k = 0) At( Zay) [d(k) J] CC5(k)(70

e(k)=—tk>+4t —p  dy(k)=k, dyk)=k, d.(k) =0

Energy spectrum: E. = +\(k i\/e:Q )+ Ag(k2+k2)  TRIM: k=0, k=+oc
Z, topological invariant:  (—1)” = —sgn(4t — u)sgn(t) A T B
. trivial super- . TRI topological > ¢1
g > 4t - conductor p< 4t superconductor g
LL 5

Bulk-boundary correspondence: N
Ky

By analogy to chiral p-wave SC: (for |u| < 4t)
two counter-propagating Majorana edge modes helical Majorana edge states:

1= =1

—protected by TRS and PHS

TRI topological SC
— possible condensed matter realization: polog

thin film of CeP13Si?

= >




3D time-reversal-invariant topological superconductor

Cubic lattice BdG Hamiltonian in the presence of time-reversal symmetry:

£(k)oo Ai[d(K) - 7] (ioy)
Hpac (k) = (At(_iay)[d(k) - O —e(k)oo )

e(k) = 2t(cosk, + cosk, + cosk,) —

d.(k) =sink, d,(k)=sink, d.(k)=sink,

PHS O;L[BdGr(k)C_1 = —Hpac(—k) C =09Q 1K C? = +1

Chiral symmetry (TRS x PHS): UgsHpac (k) + Hpaa(k)Us =0

» Hpag can be brought into block-off diagonal form: (transform to basis in which S is diagonal)

equivalent to B phase of 3He

Pressure (MPa)

=

Solid

. Supertiuid B phase

Supertluid A phase

Normal fluid

1 2
Temperature (mK)

TRS | THpac (k)T ™' = +Hpac(—k) | T=io, @ ek T2 = -1
class DIII

ﬁBdG<k>:( ! D“‘)) D(K) = (i0y) {exo0 + i[di - )

D'(k) 0

» TRS acts on D(k) as follows: DT (—k) = —D(k)

3



3D time-reversal-invariant topological superconductor

Lattice BdG Hamiltonian: ~ Hpqg (k) = ( 0 D(k)>

D'(k) 0
» Off-diagonal block: D(k) = (ioy) {exoo + 1A¢|dk - 7]}
Mapping D(k) : Brillouin zone | > D(k) TRS: D(k)=-D"(k)
» Spectrum flattening: ¢(k) = 2@: )\atk) u, (kK)u!l (k)D(k) u.(k): eigenvectors of D Df
Mapping  ¢q(k) : Brillouin zone | > q(k) e U(2) m2[U(2)] =0
TRS: q(k) = —¢7(—k) m3|U(2)] = 7Z

1

——> classified by winding number: |W = A2

/BZ d*ke"? Tr [(¢'0,q) (¢~ 0uq) (g1 0,pq)]

» Bulk-boundary correspondence:

|(W| =# Kramers-degenerate Majorana states

Possible condensed matter realization:
CeP13Si, LioPt3sB, CeRhSis, CelrSis, etc.




Classification schemes

dim

Symmetry
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Symmetry classes: “Ten-fold way”

(originally introduced in the context of random Hamiltonians / matrices)

=  time-reversal invariance: T =UrK (is antiunitary)
T YH(—K)T = +H(k)

0 no time reversal invariance
T : +1 time reversal invariance and T2 — +1
-1 time reversal invariance and

complex conjugation
=== particle-hole symmetry (=): C=UcsK 45

C'H(-k)C = —H(k)

0 no particle-hole symmetry
C - +1 particle-hole symmetry and (C? = +1
-1 particle-hole symmetry and (2 = —1
- In addition we can also consider the ? T
“sublattice symmetry” SxTC <<> 4
S: SH(k)+H(k)S =0 .X,\ %F

Note: SLS is often also called “chiral symmetry”



Ten-fold classification of topological insulators and superconductors

Ten-fold classification:
— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:
<

- time-reversal: THK)T ' = +H(-k); T?=+1
- particle-hole: CH(k)C™ = —H(-k); C* =41 ¢ tencslzgnsrgsetry
- sublattice: SH(Kk)S™! = —H(k); S x TP
Symmetry
Class | T C 5 “Bott clock”
o [ A O O O T2
N Al |0 0 1 A
S & Al |1 0 O Cl Al BDI
39 BDI |1 1 1 — 17 1
S & D |0 1 O
g§ { ol |1 1 1 cl a_|an [p >
= S Al |-1 0 O
< 5 i | -1 -1 1
. € |0 10 cie Tan on
cl |1 -1 1




Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

- time-reversal: TH(k)T
- particle-hole: CH(k)C™1
- sublattice: SH(k)S™!
Symmetry

Class | T C S

i A |0 0 O

.8 Al |0 0 1

S Al |1 0 0

39 BDI [1 1 1

Nk D 0O 1 0

T = DIl | -1 1 1

S €

= Al -1 0 O

< g ch | -1 -1 1

= C |0 -1 0

cl |1 -1 1

\

= +H(-k); T*=41
= —H(—k); C?=41
= —H(k); S xTP

ten symmetry
classes

For which symmetry class and
dimension is there a topological

= insulator/superconductor?



Symmetries and Dirac Hamiltoniacps

Dirac Hamiltonian in spatial dimension d :  H(k) =Y kivi+my By = i\ m?+ > k¢

* Gamma matrices -y, obey:  {v;,v;} = 26;; 1 =20,1,...,d

* TRS, PHS and chiral symmetry lead to the conditions:

Y0, 7] =0 {7Viz0, T} =0
{7,C} =0 Viz0,C] =0

* Topological phase transition as a function of mass term Mo

{75} =0

n=1 n=0

>
m < 0 - m >0

f’ are there extra symmetry preserving mass terms M4
m that connect the two phases without gap closing?

d
{fyd—Fl)fyi}:O 2207172 EL=+,1m?2+ M2+ k4
\ i

1=1

NO: topologically non-trivial YES topologically trivial



Symmetries and Dirac Hamiltoniaps

d
Dirac Hamiltonian in spatial dimension d :  H(k) =Y kivi+my By = i\ m?+ > k¢

e Gapless surface states (interface states): kq — 10/0rq
m<0 , m>0
szo( L= i70%a5 - )+Zm :
n=1 y n=0
surface state ¢: iy VaP = £P : >
rqg <0 - rq > 0

surface Hamiltonian: Heurf = Z k; Py, P P (-1 ) s
' — W= 7074

gapless surface spectrum: ET .=+ \ >k
* Presence of extra symmetry preserving mass term implies gapped surface states

— extra mass term projected onto surface is non-vanishing

MP~34+1P  anti-commutes with P~;P i=1,....d—1

—> gapped surface spectrum



Dirac Hamiltonian in symmetry class Alll

* Topological phase transition as a function of mass term 770

N1 No

m < 0 - m >0

S = o1 SH(k)+H(k)S =0
* One-dimensional Dirac Hamiltonian with rank 2:
H(k) = ko + moo
— no extra symmetry preserving mass term exists

—> class Alll in 1D is topologically non-trivial

— space of normalized mass matrices V21 ,_, = {£02}



One-dimensional Dirac Hamiltonian in symmetry class All
T H(-K)T = +H (k) T? = —1
*Dirac matrices with rank 2:
H(I{?) = ]-CO'g T = 7;0-2/C

— no symmetry-allowed mass term exists = impossible to localize
(o1 and o9 violate TRS)

— describes edge state of 2D topological insulator in class All

*Dirac matrices with rank 4:
H(k):k03®71—|—m00®73 TIiUQ@TQIC

— extra symmetry preserving mass term: Mo3 @ 75
—> class All in 1D is topologically trivial

— space of normalized mass matrices
Vol =M -X|M*=1} =S Rs: U(2N)/Sp(N)
M= (m, M), X = (00 ® 73,03 @ T2)

e connectedness of space of normalized Dirac masses: 7o([3) =0



Two-dimensional Dirac Hamiltonian in symmetry class All
T YH(—K)T = +H(k) T? = —1
e Dirac matrices with rank 4: 1" = 109 ® T9/C
H(k) = k103 ® 71 + koog ® o + mog ® T3
— no symmetry-allowed mass term exists = topologically non-trivial
(01 ® 11, 09 ® 11 violate TRS)

e “Doubled” Dirac Hamiltonian:

H(k) 0 y B
Hao(k) = ( 0 ﬁuw\(k)> p, v, A€ {+1, -1}

A

Huwa(k) = pkios @ 11 + vkaog @ 72 + Amog ® T3

— extra symmetry preserving mass terms:
e.g. fOI‘,LLZ—I—, V=4+, A=4:00QR 7T ®S1, 01 ® Ty X S9
—> gapped surface spectrum

——> class All in 2D has Z»> classification

— space of normalized mass matrices: Re = O(2N)/U(N) mo(Rs) = Zo



Dirac Hamiltonian in symmetry class A

e One-dimensional Dirac Hamiltonian with rank 2:

H(k) = ]{0'1 -+ Moo + KO
— extra symmetry preserving mass term: Mos

— class Ain 1D is topologically trivial
— space of normalized mass matrices

Vdp;l,'r':2 = {mcosf +13sinfl0 <O <27} =9" C;: UWN)
— connectedness of space of normalized Dirac masses: 7o(C1) =0
* Two-dimensional Dirac Hamiltonian with rank 2:
H(k) = kyor + kyoy + mo, + pog
— no extra mass term exists —> class A in 2D is topologically non-trivial

— describes two-dimensional Chern insulator
e Two-dimensional “doubled” Dirac Hamiltonian:
Ha(k) = H(k) ® 79

— no extra gap opening mass term exists —> topologically non-trivial

= indicates Z classification



Homotopy classification of Dirac mass gaps

* The space of mass matrices V;j,._x belongs to different

classifying spaces Cs_4 (for “complex class”) or Rs_4 (for “real class”)

— the relation between AZ symmetry class and classifying space is as follows:

classifying space o (*) 1D AZ class 2D AZ class
Co UN_o{U(N)/[U(n) x U(N —n)]} Z AIII A
C1 U(N) 0 A AIIT
Ro UN_o{O(N)/[O(n) x O(N —n)]} Z BDI D
R O(N) 2o D DIII
Ro O(2N)/U(N) 2o DIII ATl
Rs U(N)/Sp(N) 0 ATl CII
Ra Un—o{Sp(N)/ [ p(n) x Sp(N —n)]} Z CIl C
Rs Sp(N) 0 C CI
Re Sp(2N)/U(N) 0 CI Al
R~ U(N)/O(N) 0 Al BDI

* The 0th homotopy group indexes the disconnected parts
of the space of normalized mass matrices

mo(V) =0 mo(V) = Zy (V) =17
ORNCICICR



Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

<
- time-reversal: THXK)T ' =+H(-k); T%==+1
: _ ten symmetr
- particle-hole: CH(k)C™' = —H(-k); C?=41 p °© cslgssese y
- sublattice: SH(Kk)S™! = —H(k); S x TP
Chern insulator
Symmetry dim _ —
Class | T ¢ S| 1 2 7, . integer classification
A 0 O 0l 0 Z%<0o 7.o- binary classification
. @ [ Al lo o0 117 o 7 0 :no topological state
0 @ Al |1 0 0/0 0 O vacetyl
g< BDI |1 1 1| Z<0S 0 polyacetylene
Nk < D 0O 1 0(Zy, Z O
T 2 DIl | -1 1 1|Zy Zy» Z 2D topological insulator w/ SOC
£
% S Al |1-1 0 0] 0 Z&BD topological insulator w/ SOC
= Cll -1 -1 1| Z 0 Zs
Tl ¢ |o -1 0|0 z O
Cl 1 -1 1] 0 0 Z

Schnyder, Ryu, Furusaki, Ludwig, PRB (2008) A. Kitaev, AIP (2009)



Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:
<

- time-reversal: THXK)T ' =+H(-k); T%==+1
. _ ten symmetr
- particle-hole: CH(k)C™'=—-H(-k); C?*=+1 , clgsses y
- sublattice: SH(Kk)S™! = —H(k); S x TP
Symmetry dim , —
Class | T C S| 1 2 3 7, - integer classification
/ A |0 O olo Z o 7.o- binary classification
. @ Al lo o 1172z o 7z 0 :no topological state
S (c_)"é Al |1 0 00 0 O
2 x BOI |1 1 11 Z 0 ‘% chiral p-wave superconductor (Sr2RuQa4)
Nk < D O 1 0|2 7z *0
T2 DIl |-1 1 1|2, 7, 7 <SS TRltopologicaltriplet SC (°*He B)
35 Al [-1 0 0|0 Z 7 |
< S cit |1 1 1172 o (_%( chiral d-wave superconductor
Tl ¢ |o 1 0|0 =z
Cl i -1 1,0 0 Z




Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:
<

- time-reversal: THXK)T ' =+H(-k); T%==+1
- particle-hole: CH(k)C™ = —H(-k); C* =41 ¢ tencslzgnsrgsetry
- sublattice: SH(Kk)S™! = —H(k); S x TP
Symmetry Spatial Dimension d
Class | T C S | 1 2 3 4 S5 o6 7 8
. A JO0O 0 0|0 Z 0 zZ 0 Z 0 <Z
9 A 1O 0 1|2z 0 Z 0 Z 0 Z 0
28 Al [1 0 00 0 0 Z 0 Zy Zy Z
2 % BDI |1 1 1|2z 0 0 0 Z 0 Zy Z
N E ¢ D |0 1 0|Z, Z 0 0 0 Z 0 Z
T2 pm |1 1 1|2, Zo Z 0 0 0 Z O
35 Al |1 0 0|0 2, Z Z 0 0 0 =Z
< ¢ ch |1 1 1|2 0 Zy Z;, Z 0 0 O
“Tl ¢ |0 1 0|0 Z 0 Zy Zy Z 0 O
clh (1 -1 1|0 0 Z 0 Zy Zy Z O




Ten-fold classification of topological insulators and superconductors

Ten-fold classification:

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

Symmetry Spatial Dimension d

Class | T' C S | 1 2 3 4 5 6 7/ 8

. AJO O O[O0 zZ 0 zZ 0 z 0
9 Al |0 0 1|Z 0 Z 0 Z 0 Z O
g § Al |1 0 0]0 0 0 Z 0 Z, 7y Z
S 3 BDI |1 1 1|Z 0 0 0 Z 0 Zy Z
s E < D |0 1 0/Z Z 0O O 0 Z 0 Z
T = DIl |1 1 1|Zy, Zo Z 0 0 0 Z O
S S Al |4 0 0|0 2 Z Z 0 0 0 Z
< < ch |1 1 1|2 0 Zy Zy Z 0 0 O
Tl ¢ |0 1 0|0 Z 0 Zy Zz Z 0 O
Cl |1 1 1]0 0 Z 0 Zy Zs Z O

e Topological invariants: Chern numbers and winding numbers

. iF\"
h, = "\ or
C +1[]:] (n + 1)! /Bzd,2n—|—2 ' <27T>

n : n—+1
vansald] = (—1)™n! 0 * / PR [q_lﬁ q- q—la q-- ] q2nt1r
et (2n + 1)1 \ 27 . . “z




Extension |: Weak topological insulators and supercondutors

P strong topological insulators (superconductors): Symmetry Dimension
not destroyed by positional disorder AZ T C Ss|1 2 3 4
Al 0O O 0|0 2z 0 z
P> weak topological insulators (superconductors): AL 0 o0 1,2 0 72 0
only possess topological features ALy’ 1.0 0] 0 0 0 Z
when translational symmetry is present BDI| 1+ 1 11 Z 0 0 O
D| 0 1 O0|2Z Z 0 0
=== Weak topological insulators (superconductors) by 111 1 2 Z, Z 0
are topologically equivalent to parallel stacks of lower- Al -1 0 0| 0 Zz Zo Z
dimensional strong topological insulator (SCs). Cll | -1 -1 112 0 Zo 7o
C| o -1 0|0 Z 0 7
co-dimension k=1 co-dimension k=2 cky1+ 1 1]0 0 Z O

_n ==p= d-dim.weak topological insulators (SCs)
| of co-dimension k can occur whenever there

exists a strong topological state in same

symmetry class but in (d-k) dimensions.
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Extension ll: Zero mode localized on topological defect

Protected zero modes can also occur
at topological defects in D-dim systems

P Point defect (r=0): Hedgehog (D=3),
vortex (D=2), domain wall (D=1)

\/ o /
~ A\ /

T

T

T
'4—-‘(‘;””——* — - — X — — —

|

:

:

AN
/[ \
P Line defect (r=1):

dislocation line (D=3)
domain wall (D=2)

NN
\

\

P Two-dim defects (r=2): domain wall (D=3)

Freedman, et. al., PRB (2010)
Teo & Kane, PRB (2010)

Ryu, et al. NJP (2010)

Symmetry Dimension
AZ T C S 1 2 3 4
A 0 0 0 O Z 0 Z
Alll | 0 0 1 Z 0 7 0
Al 1 0 0 O 0 0 Z
BDI | 1 1 1 Z 0 0 O
D 0 1 0O | Z Z 0 O
DII| -1 1 1 Zo 7o Z O
All | -1 0 0 0 Zo 7o 7
ci| -1 -1 1 Z 0 Zo Zp
C 0 -1 0 O 7Z 0 7
Cl 1 -1 1 O 0 7Z O

Can an r-dimensional topological defect of a
given symmetry class bind gapless states or
not?

== |00k at column d=(r+1)
(answer does not depend on D!)

line defect in class A:
1
n=—— Tr[F AT

2
87'(' T3 % S1

(second Chern no = no of zero modes)



