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Topological band theory

e Consider band structure: H (k) |u,(k)) = E,(k) |u,(k))

e (i) Topological equivalence for insulators:
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Topological band theory
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Reflection symmetry

P Consider reflection R: & — —X

R "H(—kg, ky, k)R = H(ky, ky, k)

with R = s,

— w.l.o.g.: eigenvalues of R € {—1,+1}

P> mirror Chern number: Teo, Fu, Kane PRB ‘08

k, =0 = H(0,ky, k)R — RH(0,ky, k) =0

— project #(0, k,, k) onto eigenspaces of R: | Hy(k,, k)

1
n/i\/l = ppe / F+ d*k
7T2D B7 S Berry curvature in 4 eigenspace

— total Chern number: naq = nj;l + Ny

— mirror Chern number: nag = n — Ny



Reflection symmetry

P Consider reflection R: & — —X

R "H(—kg, ky, k)R = H(ky, ky, k)

with R = s,

— w.l.o.g.: eigenvalues of R € {—1,+1}

P> mirror Chern number: Teo, Fu, Kane PRB ‘08

— project H(0, k,, k) onto eigenspaces of R: | H(k,, k)
Mirror plane

1
n/i\/l = ppe / F+ d*k
7T2D B7 S Berry curvature in 4 eigenspace

— total Chern number: naq = nj(/l + Ny

— mirror Chern number: nag = n — Ny

P Bulk-boundary correspondence:

— zero-energy states on surfaces that
are left invariant under the mirror symmetry



Classification of free-fermion systems with reflection symmetry

R. : R commutes with T' (C or S)
R_ : R anti-commutes with T' (C or 5)
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Classification of free-fermion systems with reflection symmetry
R, : R commutes with T' (C or S) R_ : R anti-commutes with T (C' or .5)

TI/TSC
Reflection FS1
FS2
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Classification of free-fermion systems with reflection symmetry
R, : R commutes with T' (C or S) R_ : R anti-commutes with T (C' or .5)

TI/TSC| d=1 d=2 d=3 d=4 d=5 d=6 d="7 d=8
Reflection FS1 p=8 p=1 = = p=4 p=>5 p=>6 p="T
FS2 p=2 p=3 p=4 p=> p=06 p=T p=8 p=1
R A MZ 0 MZ 0 MZ 0 MZ 0
R, ATIII 0 MZ 0 MZ 0 MZ 0 MZ
R_ Alll | MZ&a7Z 0 MZ&7Z 0 MZ&7Z 0 MZ&7Z 0
Al MZ 0 0 0 2MZ 0 M7 MZs
BDI MZs MZ 0 0 0 2MZ 0 MZ,
D MZs MZ, MZ 0 0 0 2MZ 0
Ry, Ryt DIII 0 MZs M7, MZ 0 0 0 2M7Z
ATl 2MZ 0 MZ, MZs MZ 0 0 0
CII 0 2M7Z 0 MZs MZs MZ 0 0
C 0 0 2M7Z 0 M7, M7, MZ 0
CI 0 0 0 2MZ. 0 M7, M7, MZ
Al 0 0 2M7Z 0 T75 Zo MZ 0
BDI 0 0 0 2MZ. 0 TZ5 Z MZ
D MZ 0 0 0 2MZ 0 TZ Zo
R_,R_— DIII Zo MZ 0 0 0 2MZ 0 TZo
AII TZs Zo MZ 0 0 0 2MZ 0
CII 0 TZ: Zo MZ 0 0 0 2MZ
C 2MZ 0 TZ5 Zs MZ 0 0 0
CI 0 2M7Z 0 TZ Zo MZ 0 0
R_, BDI, CII 27, 0 2MZ 0 27, 0 2MZ 0
Ri_ DIII, CI| 2MZ 0 27, 0 2MZ. 0 27, 0 PRB 90, 205136
R,_ BDI | MZ&Z 0 0 0 OMZ & 27 0 MZo @ 7o MZo @ 7o (2014)
R_, DIl |MZs® 7o MZs®Zo MZ&Z 0 0 0 M7 @ 27 0
Ri_ CIl [2MZ & 2Z 0 MZo®Zo MZo®Zy MZOTZ 0 0 0 PRL 116, 156402
R_, CI 0 0 2MZ & 27 0 MZo® 79 MZo &7y MZOZ 0 (2016)




Classification of free-fermion systems with reflection symmetry

PRB 90, 205136
(2014)

PRL 116, 156402

R, : R commutes with 7' (C or §) R_ : R anti-commutes with 7" (C' or .5)
TI/TSC| d=1 d=2 d=4 d=5 d=6 d=7 d=8
Reflection FS1 p=38 p=1 p:3 p=4 p=9> p=6 p="7
FS2 p=2 p=3 = p=06 p=T p=8 p=1
R M7 0 - M7 0 M7 0
R, ATII 0 MZ Y@ M7 0 MZ
R_ Al | MZ a7 0 MZ&7Z Cas Pz 0 MZ&7Z 0
0 IMZ 0 MZs MZs
5D VI /.o e n 0 0 2M 7. 0 M7
D MZs graphene o 0 0 2M7Z 0
Ry, Ryt DIII 0 MZs MZs MZ 0 0 0 2MZ
All 2MZ, 0 MZ, MZ, MZ 0 0 0
CII 0 2M7Z 0 MZ, MZ, MZ 0 0
C 0 0 2M7Z, 0 MZ, MZs MZ 0
CI 0 0 0 2M7Z, 0 MZs MZ, MZ
Al 0 0 2M7Z, 0 TZ5 7o MZ 0
BDI 0 0 0 2MZ, n T7.x Zs MZ
D MZ. 0 /p CasPbO, Sr3PbO rz. 2
R_,R_— DIIT Zo MZ 0 0 0 IM7Z 0 T7Z
All TZ, Zs 0 0 0 2M7Z 0
11 0 TZ5 Lo MZ 0 0 0 2M7Z.
C 2M7Z, 0 TZ Zs MZ 0 0 0
CI 0 2M7Z, 0 TZ5 Zs MZ 0 0
R_. BDIL, CII| 2Z 0 2M7Z, 0 27, 0 2M7Z, 0
Ry_ DIII, CI| 2MZ 0 27, 0 2M7Z, 0 27, 0
Ry_ BDI | MZ&7Z 0 0 0 2MZ & 27 0 MZo ® 7o MZsy @ Zo
R_. DI | MZo®7Zo MZo®Zs MZ&Z 0 0 0 2M7 @ 27, 0
Ri_ CIl [2MZ & 27 0 MZo®Zo MZs ®Zo MZDZ 0 0 0
R_. CI 0 0 IMZ @ 27 0 MZo®Zo MZy &7y MZDZ 0

(2016)



Reduction of classification with interactions

R, : R commutes with T (C or 5)

R_ : R anti-commutes with T" (C' or S)

D=8n+d,n=0,1,2---

Ref. |Class|Clifford Algebra|d =1 d=2d=3d=4d=5d=6d=7 d=28
R A Clyg2/Clyvy | Zoaz O Zownrs 0 Zpansa 0 Zoams 0
R, | All Cliz/Clys 0 Zymvz O Zowns 0 Zpanwa 0 Zoanss
R_ | Al Clyr/Clyyn | Zommz 0 Zowws 0 Zoanwa 0 Zpanrs 0
AI Clz,d+2 /Clz’d+2 Z24n+2 O O 0 Zz4n+3 O ZQ Zz
BDI Cld+1,4 /Clz’d_” Zz Zz4n+3 O O O Zz4n+4 0 Zz
D | CLs/Chy | Zo Zo Zywa O 0 0 Zyms O
R D]l[ Cld,s /Cl3’d O ZQ ZQ Zz4n+4 0 O O Zz4n+5
AL | Clyg/Clyy  |Zggn O Zy  Zy Zows O 0 0
CI | Clyss/Clsy | O Zywa O  Zo Zo Zowa O O
C | Chyas/Clysi | O 0 Zywo O  Zo  Zo Zows O
Cl | Chiys/Clygss 0 0 0 Zow2 O Lo Ly Loanss
Al | Cligos/Chas | 0 0 Zywe O  Zo  Zo Zyms O
BDI C12+d,3 /Cll,d+2 O O O Zz4n+3 O Z2 Zz Z24n+6
D | Clyi3/Cligst |Zyws O 0 0 Zyws O Zo 7
R DIl | Cly14/Cly gy Lo Loz 0 0 0 Zywa O 2o
X A][ C l3,d+1 / Cl3,d+1 Zz Zz Zz4n+3 O O O Z24n+4 O
CI C ld+4,1 / C l4,d+1 0 2o Z» Z24n+3 0 0 0 Zz4n+4
C | Clya1/Cliszs |Zowa O Zo  Zy Zyws O 0 0
Cl | Clyvss/Cligea | O Zowa O  Zo Zo Zywa O O
R_.| BDI| Cly4/Clyn  |Zosmvz 0 Zowws 0 Zoansa 0 Zpanrs 0
R .| CI Clysa/Clyrs | Zotnnt 0 Zownrz 0 Zoanss 0 Zpanra 0
R._| DII Clysa/Clyvy | Zotnz 0 Zowns 0 Zpawa 0 Zoams 0
R,_| CI Clysa/Clyrs | Zotnr 0 Zowwrz 0 Zoass 0 Zpana 0
R+_ BDI Cld+1,3 /Cll,d+1 Zz4n+3 O O O Zz4n+4 O ZQ ZZ
R+_ C]I Cld+3’1 /Cl4,d Zz4n+1 O Zz Zz Zz4n+4 0 0 O
R_+ D]l[ Cld,4 /Clz,d Zz Zz Zz4n+4 O O O Zz4n+5 0
R_+ CI Clz+d,2 /Cll’d+3 O O Zz4n+2 0 Zz Zz Zz4n+5 O

PRB 95, 195108 (2017)



Reduction of classification with interactions

U, : U commutes with T' (C or .5)

U_

: U anti-commutes with T (C' or 5)

D=8n+dn=0,1,2---
Rot. Class:2 i=3d=4d=5d=6d=7d=3
U A J 0 0 0 0 0 0 0
U, | Alll |Zyanva Zoanvz Zoanss Loanss Loanrs Loan+a Lotn+s Loan+s
U_ |Alll| O 0 0 0 0 0 0 0
AI Z 4p O 0 O Zz4n+3 O Zz Zz
Loanss Loy Loanra Loanss Loan+s Liyan+6
D Ly Iy 0 0 0 0 2y
U DIII Zz Zz Zz4n+ O O O Zz4n+5 Zz
"Ulalll o 0 0 0 SSH model / Kitaev chain
CIl |Zoan1 Zoan+1 Lomnvr Lonss Lyinsd  Lydnsd Liytnsd  Liydn+a
C 0 0 0 Ly 1y 0 0
CI 0 0 HZuni 1 Zn Lo  Losnss 0
Al 0 O/ 0 0 0 Ly Ly Ly
0 0 0 Zywa 2Zp Zp 1y
D U 0 0 0 0 0 0 0
U DI | Zyan+2 Zopanss Zoania Loansa Loansa Lonia Loanss Loanss
Al 0 Z, Z, Z, 0 0 0 0
CII Zz4n+ 1 Zz Zz Zz Zz4n+3 O O O
C 0 0 0 0 0 0 0 0
Cl |Zyan1 Zomner Zomnvr Loz Zonss Lgans Lipanss Lianss
U_. | BDI| Z, 0 0 0 0 0 Zy 2y
U_. | ClI 0 0 Ly Ly Ly 0 0 0
U,_|DII| O 0 0 0 0 0 0 0
U, | CI 0 0 0 0 0 0 0 0
U,_|BDI| O 0 0 0 0 0 0 0
U, | CII 0 0 0 0 0 0 0 0
u., DIl | Z, Z, 2, 0 0 0 0 0
U_.| CI 0 0 0 0 Zy Ly 2y 0

PRB 95, 195108 (2017)



2. Topological nodal line semi-metals

CaszP2, ZrsSis




Topological nodal lines in CasP:2

» Band structure: » Crystal structure P6s/mcm

\H\
/
:

Energy(eV)

mirror plane

» Dirac ring within reflection plane

I’ M K I A L H A

charge balanced: Ca?+ — P3

p Orbital character of bands near Er:
(6 Ca atoms, 6 P atoms)

Ca: d.2 orbitals from 6 Ca atoms

P: p, orbitals from 6 P atoms
Chan, Chiu, Chou, Schnyder, Phys. Rev. B 93, 205132 (2016)



Topological nodal line: Mirror invariant

» Reflection (z — —z): Ca4 | Ca6

R M (ky, ky, — k)R = H(ky, ky, k) . C-i? Calo
mirror plane = @8
13«3 0 0 0 e

R(k) = 0 dage™™ 0 0 " Ca4 Ca6
O O _13><3 0 c
0 0 0 o EE t pX

dz2

p Mirror invariant:

— number of occupied states with £ = +1

Nz = nZ (k| > ko) — nZl(k] < ko) 3
1 |k| <k N |
+, 0 — 0 —__ ; E I
Roce (k) = { 0 |k > ko T

Chan, Chiu, Chou, Schnyder, Phys. Rev. B 93, 205132 (2016)



Topological nodal line: Berry phase invariant

» Berry phase: Berry phase
Plky)=—i Y / < (J)‘é’k ‘ (‘7)>d/ﬂ 04
jefilled ” — 7 &
— P(k)) quantized to m = stable line node 5 .
Sosf
— In CasP2 Berry phase is quantized due to: i
(i) reflection symmetry 2z — —=z = - = =

(ii) inversion + time-reversal symmetry

» Relation btw Berry phase & mirror invariant:

PRL 116, 156402 (2016)
Phys. Rev. B 93, 205132 (2016)



Drumhead surface state and Berry phase

» Berry phase & charge polarization: Berry phase

P(ky) = —i Z/ (ui?)| k1 |uf?) diey

g €efilled

<
~

-

Bulk-boundary correspondence:

e
— surface charge: ogyf = 2—73 mod e
7

Berry phase (T)

o
W

. _ . = ‘ _l_dl _ _ I_—
King-Smith and Vanderbilt PRB ‘93 T M K T

= Nearly flat 2D surface states Surface spectrum
connecting Dirac ring I

LEnergy (eV).CD
- in

W

Phys. Rev. B 93, 205132 (2016)

Drumhead surface state



Low-energy effective theory for CaszP-

» low-energy effective Hamiltonian: W even in k
He(k) = (ki — k)72 + komy + f(K)70

» symmetry operators:

— reflection: R = 7, — time-reversal: T' = 1o/ — inversion: [ =T,
» Gap-opening term Tx is symmetry forbidden:

— breaks reflection symmetry: R~ '7,R = —7,

) = nodal line is stable
— breaks PT symmetry: (PT) "7.(PT) = —7,



Low-energy effective theory for CaszP-

» low-energy effective Hamiltonian: ;ﬂ/ even in k
He(k) = (ki — k)72 + komy + f(K)70

» symmetry operators:

— reflection: R = 7, — time-reversal: T = 1o/ — inversion: [ =T,
» Gap-opening term Tx is symmetry forbidden:
— breaks reflection symmetry: R_lTwR = —Tx o
) = nodal line is stable
— breaks PT symmetry: (PT) "7.(PT) = —7,

» 7 versus Zo classification:

Heg(k) ® og = (k” ko). ® 0o + k.7, @ 09 + f(k)To ® 09
— conslder gap opening term m = 7, ® 0y:
e (PT)-symmetric:
(T, @ 0oK) " (1, ® 0pK) = = 74 classification

e but breaks R:
(7. ® 00)_1m(7z ® 0g) £ m = 7, classification



3. Anomaly in nodal line semi-metals
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Parity anomaly in nodal-line semi-metals

Quantum Anomaly:
Symmetry of classical action broken by regularization of quantum theory

Anomaly in topological semimetals:
Top. semimetals with FS of co-dimension p, generally, exhibit (p+1)-dim anomaly:

ep = 3: (34+1)D chiral anomaly in Weyl semi-metals

ep = 2: (2+1)D parity anomaly in graphene

9 Is there an anomaly in nodal-line semi-metal?
|

—> consider family of 2D subsystems

— study (241)D parity anomaly

as a function of angle ¢




Parity anomaly in nodal-line semi-metals

Parity anomaly for a 2D subsystem:
Action for (2+1)D Dirac fermions coupled to gauge field A,

‘// breaks PT symmetry

S = /d?’azw iy (0, +ieA,) +m] Y

— effective action SSH[A, 0] with m = 0 is UV divergent

— Pauli-Villars regularization of theory breaks PT symmetry

SRA] = S q[A] — lim S g[A, M
fA) = SelA] - lim_ Sl M) N
e Pauli-Villars mass term remains finite for g P B A A 9 A
M — o0, yielding Chern-Simons term: 57 8r re S
: : , P
e anomalous current from one Dirac point: j* = 4—6“ 0, A
7

» transverse charge response to applied EM field



Parity anomaly in nodal-line semi-metals

R: radius of nodal ring m: small PT breaking term E: electric field

Anomalous transport within semi-classical response theory:

e anomalous velocity: v(k) = % i E x (k) Xia, Chiung, Niu RMP 10
o2 Berry curvature
e transverse current: ji = - k)E x Q(k);

2
o differential current:  j, , = e R (1 — @> E x e,

h 872 1
‘W universal part!

fransverse

current k-
Berry

curvature

\

A Anomalous current vanishes after integrating over ¢ -~
arXiv:1703.05958



Parity anomaly in nodal-line semi-metals

Drumhead surface states as a momentum filter:

e Consider dumbbell geometry:
Y} measure

-
x/, 7 | | |
anomaious

— band structures for k, = 0: current

— Drumbhead surface states act as a filter

— Transverse current can be measured!

transverse

current {A

AA

:
- =
-,
- .
~ -
—

arXiv:1703.05958



4. Dirac line nodes protected by
non-symmorphic symmetries

~_




Non-symmorphic symmetries

e Glide reflection
(rank two):

reflection
g = (m|7) A! ----- -

g’ =T i

e n-fold screw rotation
(rank n=2,3,4,6):

s, = (C|7T)

(s,)" =T




Non-symmorphic symmetries

e Glide reflection
(rank two):

o VRN |
o =

g’ =T Ty

e n-fold screw rotation
(rank n=2,3,4,6):

S, = (Cr|T) |

gg\{‘k \
\ 0

9 Can non-symmorphic symmetries impose new
m constraints on band topology?

(s,)" =T




Constraints of non-symmorphic symmetry
on band structure

e Since G*(k) = e "oy

—ik/2

— FKEVs are +e

—> states switch positions
—> band crossing required by

non-symmorphic symmetry




2-fold screw rotation in 1D

0 e—ik 1
G(k) = (1 0 ) G(kYH(k)G™ (k) = H(k)

G (k) anti-commutes with o3 = H(k) = ( o q(k)

e symmetry constraint: g(k)e'™ = ¢*(k) (%)

(%) = =1 ) S

f(2) i
P/ 1(2) = @bt =

—> By contradiction ¢(k) = 0 at some k
—>  band crossing btw 0 and 27

G(k) = +e /2

PRB 94, 195109 (2016)




2-fold screw rotation in 1D PRB 94, 195109 (2016)

0 e—ik 1
G(k) = (1 0 ) G(kYH(k)G™ (k) = H(k)

G (k) anti-commutes with 03 = H(k) = ( 0 C](k)>

e symmetry constraint: g(k)e'™ = ¢*(k) (%)

(%) = =1 ) /

f(2) i
P/ 1(2) = @bt =

—> By contradiction ¢(k) = 0 at some k

—>  band crossing btw 0 and 27

NOTE 1: Holds also for multi-band systems with chiral sym. (¢(k) = Det[A(k)])



2-fold screw rotation in 1D PRB 94, 195109 (2016)

0 e—ik 1
G(k) = (1 0 ) G(kYH(k)G™ (k) = H(k)

G (k) anti-commutes with 03 = H(k) = ( 0 C](k)>

e symmetry constraint: g(k)e'™ = ¢*(k) (%)

(%) = =1 ) /

f(2) i
P/ 1(2) = @bt =

—> By contradiction ¢(k) = 0 at some k

—>  band crossing btw 0 and 27

NOTE 1: Holds also for multi-band systems with chiral sym. (¢(k) = Det[A(k)])
NOTE 2: Position of band crossing point can be anywhere in BZ



2-fold screw rotation & inversion in 1D PRB 94, 195109 (2016)

e Consider 2-fold screw rotation G and inversion p
(i) P and G anti-commute, PG(k)P~1 = —G(—k):

— 4lk) = —q" (k). fj (o ( ik _ gitns k)

—> band crossing at £ =0

A

(ii) P and G commute, PG(k)P~! = +G(—k):

— q(k) = +q"(=k),  q(k) = D An (k4 e D)

—> band crossing at k =7

>

Position G,

k=0 PG = —G'P
k= 77 PG =GP




CuBi20s: Dirac ring protected by glide reflection

e anti-ferromagnetic insulator w/ space group #56.367 (Pc’cn)
¢ [mportant symmetries:
— time-reversal Xk inversion: (PT)? = —1
= all bands doubly degenerate |i(k)), PT |y (k))

— glide reflection: {R.,7 = (1/2,0,1/2)}

= 4-fold degenerate Dirac ring at k, =7

[R,PT]=0 = band crossing at k, =

k,=m b
1 . 3
R, = Fie'*=/? T
0.8} 1 T
ol — —— | R
g3/d

x Lt >\\P
b | s 7 |

Dirac ring - - ‘/~
\




CuBi204: Dirac ring protected by glide reflection

* 4-fold degenerate ring protected by PT and glide reflection

l

\ 4—f01d degenefaCy < 0 ) "Ilég ‘




CuBi204: Double drumhead surface states

e Double drumhead surface states bound by Dirac ring

(100) surface
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Conclusions and Outlook

e Classification of crystalline topological materials

— w/ reflection symmetry PRB 90, 205136 (2014)

— w/ PT and CP symmetry PRL 116, 156402 (2016)

PRB 95, 195108 (2017)

¢ Topological nodal line semimetals
— Drumhead surface states CasP2, ZrsSis

PRB 93, 205132 (2016) PRL 116, 156402 (2016)

e Quantum anomalies in nodal-line semimetals

— Parity anomaly & anomalous transport
arXiv:1703.05958

¢ Dirac line nodes with non-symmorphic symmetries

— CuBi204 .
to be published
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